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Edexcel AS and A Level Modular Mathematics
Exercise A, Question 1

Question:

The random variable X is binomially distributed. 4 sample of 10 iz taken, and it is
desired to test Hy: p =025 against H,: p = 0.25, using a 5% level of significance.
a Calculate the critical region for this test

b State the probability of a type I error for this test and, given that the true value of
was later found to be 0,30, calculate the probability of a type 1T error.

Solution:

H,:p=025 H:p=025

a Zeel ¢ such that P(X :_F'c) < .05 where XNB[10,0.25)
Tables give:

P (X =5)= 09303
SP(X=z6) = 00197

. critical reglon s & =6

b P[Type Ierror) = P(XEtS) =0.015%7
P[Typeﬂerror|p=0.3j =P[X£5|p=0.3)
= 09527
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Exercise A, Question 2

Question:

The random variable X is binomially distributed. & sample of 20 is taken, and it is
desred to test Hy: p =030 against H,: p <030, using a 1% level of significance.

a Calculate the critical region for this test,
b State the probability of a type T error for this test and, given that the true probability
was later found to be 0,25, calculate the probability of a type 1T error.

Solution:

a Hy:p=030 H;: p=030
Seelr ¢ such that P[X f_icr) < 0.01 where XNB(EU,D.BU)

From tables
P[X 51) = 0.0076
and P[XE 2) =0.0355

© critical region iz K =1

h P(Type I error) = 0.0076
P[Type I error) = P[XE 2z =U.25)
=1—P[X£]|p= 0.25)
=1-0.0243
= 09757
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Question:

The random variable X iz binomially distributed. & sample of 10 15 taken, and it 13
destred to test Hy: p =045 against H,: p = 045, using a 5% level of significance.

a Calculate the critical region for this test
b State the probability of a type I error for this test and, given that the true probability
was later found to ke 0.40, calculate the probability of a type IT error.

Solution:

a Hy:p=04> H, p=045
Seek ¢; and ¢, suchthat P(X =) <0.025 and P(X 2¢,) < 0.025 where
X ~B(10,045)

From tables
P[Xf_il) =00233

P(X=T)=09726=P(X =8)=0.0274
P(X=8)=09955=P (X =9)=0.0045
©ocrttical region iz (X =1 o{ X =9
h P(Typﬁlﬁrror) =P|:X51)+P|:X3_=' 9)
=0.02334+00045
= (0.0278
P(Type Merror) =P(2 <X =8| X ~B(10,0.40))
=P(X=8)-P(X=1)
= 0.9983- 00464
=0.5951%
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Question:

The random variable X has a Poisson distribution. & sample is taleen, and it iz desired
totest Hy: A=6 against H,: 4> &, using a 3% level of significance.
a Find the critical region for this test,

b Calculate the probability of a type I error and, given that the true value of 1 was
later found to be 7, calculate the probability of a type IT error.

Solution:

H, A=6 H:A=6
a ZSeek e suchthat P[X 2-'::1 = 0.05 where X roPolf)

From tables:
P(XE]U) =09574

CP(X 211) = 0.0426

©ocorttical regionis X =11

b P(I'}.rpeIerror)=P(X:_"1]|XmPo (6))
=0.0426
P(Type Derror) =P (X =10|A=7)
=0.5015
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Question:

The random variable X has a Poisson distribution. & sample is taleen, and it iz desired
totest Hy: A=4.5 against H;: A< 4.5, using a 5% level of significance.
a Find the critical region for this test

b Calculate the probability of a type I error and, given that the true value of 1 was
later found to be 3.5, calculate the probability of a type I error.

Solution:

a Hy:A=45 H:A<45

Seek ¢ suchthat P{X <) < 0.05 where X ~Po(4.5)
Tables give:
P(X =1) =0.0611

P(X=0)=00111

© critical regionis X =10

b P[T},rpe Ierror) =00111
P(Type Merror) =P(X =1|1=3.5)
=1-P({X=0|1=35)
=1-0.030%2
= [1.9695
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Question:

The random variable X has a Poisson distribution. & sample is taleen, and it iz desired
totest Hy: A=9 against H, A =9, using a 5% level of significance.
a Find the critical region for this test,

b Calculate the probability of a type I error and, given that the true value of 1 was
later found to be B, calculate the probability of a type IT error.

Solution:

HyA=% H:1=5%
a Seek ¢ and ¢, suchthat P(X Ecl:l = 0025 and PI:X :_F'cz:l = 0025
where X rFPo(9)
From tables:
P[:XEB) =0.0212
P[X 54) = 0.0550
PI:XSlﬁ:] = 0.8750 :>P[X216) =0.0220
©ocoritical region 1s {X 230X =16}

h P[Type I Error) =00212400220
=00432
P(TypeDerror) =P(4= X =15|1=8)
=P{X =15)-P(X =3)
=0.9%18-0.0424
=1094%4
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Question:

The random variable X ~s N{1,3%) . & random sample of 20 observations of X is
talen, and the sample mean X i taken to be the test statistic. It iz desired to test
H,: 4#=50 against H,: ¢ =50, using a 1% level of significance.

a Find the critical region for this test

b ZState the probability of a type I error for this test.

(Tiwen that the true mean was later found to be 53,
¢ findthe probability of atype IT error.

Solution:

Hy: =50 H:p>50

a Criticalregion when 2 =2 _350 > 23263
.01
20 ,
ie. X =51.5605... 2.3263

h F I:Type I error) =zignificance level = 0.01

¢ P(Type Derror) =P [2’551.5605... | ,&1=53)

(1.9838
= P{Z . M}
20
=P(Z=-21458..) 15
=1-09838 (wge 2.14 from tables)

=0.0162
(Calculator gives 0.015%4 . so accept awrt 0.016)
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Question:

The random variable X ~ N(3,2%7. A random sample of 16 observations of X is
taken, and the sample mean ¥ iz taken to be the test statistic. It iz desired to test
Hy: 2 =30 against H,: g0 <30, using a 5% lewvel of significance.

a Find the critical region for this test

h State the probability of a type I error for this test.

iven that the true mean was later found to be 25,5,

¢ findthe probability of a type IT error.

Solution:

H, &4=30 Hy: p=30
a critical region when

Z:x—30

= —1.6449

.en‘l[\_:-
Lea

—1.6449
ie. X <30-1.6449 x%= 2917755

X =29178

h T {Type Ierror) =005

¢ P[TypeDerror)= P[EEEQ.]T’??.. | zi= 28.5]

o 2917755 . -28.5 0.9131
2

Jie
=P (Z >13351)
=1-09131
= 0.0869

(Calculator gives 008762 .. so accept answer in range
awet 0.087 0088,

=F|Z
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Question:

The random variable X ~M(u, 4%). A random sample of 25 observations of X is
taken, and the sample mean ¥ 18 taken to be the test statistic. Tt 15 desired to test
H,: =40 against H,: g =40, using a 1% level of significance.

a Find the critical region for this test

h State the probability of a type T error.

iwen that the true mean was later found to be 42,

¢ findthe probability of a type IT error.

Solution:
H,: u=40 H,: u=40
a Criticalregion Z <—2.5758 or Z > 2 5758 P
% —40 AN
whetens S==rn ~2.5758 25758

J25
L X =40+ 08x%2.5758 =42.0606...
or X <40-0.8x25758=737.9393...
ie {X<379390L[X > 42061

h P(Type I error) =001

¢ P(TypeDerror)= P[3?.939 =X = 42.06]|,u=42:|
= P(-5.076... < Z < 0.07625)

= 05319 /
i

(Calculator gives 0530389 . s0 accept awrt 0.53) 5.00 e
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Exercise B, Question 4

Question:

A manufacturer claimes that the average outside diameter of a particular washer

produced by his factory 15 15 mm. The diameter 15 assumed to be normally distributed

with a standard dewiation of 1. The manufacturer decides to take a random sample of

25 washers from each day's production in order monitor any changes in the mean

diameter,

a Using a significance level of 5% find the critical region to be used for this test.
Criven that the average diameter had in fact increased to 15,6 mm

b find the probability that the day's production would be wrongly accepted.

Solution:

a DeN(p )
H,: =15 (no change) H,: =15 (change in 2z mean)
#n=25
Crtical region | 2| > 1.96

X-15 X-15

] < —1.96 or ]

5 5 ~1.96 1.96
ie. X <14.608 or X »15392

(L0235

i ~1.96 e

b P[Accepting production | 4= 15.6)
=P([14.608 < X =15.392| 4=15.6]
=P[-496< Z <-1.04)

N.E508

=1-08308 (—4.96) -4 0
=(.1452
(Calculator gives 01491699 . 20 accept awrt 0.1492)
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Exercise B, Question 5

Question:

The number of petrie dishes that a laboratory technician can deal with in one hour can
ke modelled by a normal distribution with mean 40 and standard deviation 8. A
producer of glass pipettes claims that a new type of pipette will speed up the rate at
which the technician works.

A random sample of 30 technicians tried out the new pipettes and the average number

of petrie dishes they dealt with per hour X was recorded.

a Using a 5% significance level find the critical value of X

The average number of petrie dishes dealt with per hour using the new pipettes was in
fact42.

b Find the probability of making a type I error.

Solution:

a X =number of dishes per hour ~ N(,a, 82)
H,: u=40 H:p=40

T (.05
ad 840 =1.644%

jﬁ 1.6449

critical region Z =

ie. X =>424025...

b P (Type Merror)=P[F <42.4025...| g=42) o

=P(Z<02755..)
= 0.6103

{(Calculator gives 060856 % 0.28
wo accept awrt 0,61

¢ Increasing P{Type II error) will decrease P(Type I error)
Decreasing P(Type IT error) will increase P{Type I error)
=0 only way of reducing P Type I error) and changing significance level isto
increase sample size.
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Question:

The random variable X ~o M{1,3%) . & random sample of 25 observations of X is taken
and the sample mean ¥ 1g talen as the test statistic. It iz deswred to test Hy o p =20

against H, ;@ = 20 using a 5% level of significance.

a Find the critical region for this test
b Given that @ =208 find the power of this test

Solution:

a Hyop=20 Hu=20 /‘Mﬂ.nﬁ
critical region 2 =22 > 16449

Z=1.6449

2
[}

@w
I_h

L X m 20406 x1.6449
X = 209869 ..

b FPower=1-F (Type I error) 0.6217
=1-P[X £209869.. | 4=20.8]
20.9869...— EU.BJ

.31

0é
=1-P(Z =03115..)
=1-06217
= [.3783
{Calculator gives 0.37768_.. so accept awrt 0.378)

= l—P(ZE
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Exercise C, Question 2

Question:

The random wariable & is a binomial distribution & sample of 20 15 taken from it. Tt is
destred to test Hy: p =035 against H: p » 0.35 using a 5% level of significance.

a Calculate the size of this test.
b Given that p =036 calculate the power of thiz test.

Solution:

a H,: p=035 H:p=035
seek o suchthat PUA =¢) = 0.05 where X~ 5(20,035)
Tables give
P(X =10)=0.5468
P(X =11) = 0.9804
CPEA 212 =1-0%3804 =0.0194
. osize of test 13 0.01586

h Power=1- P[Type I error)
ctitical region iz X =12
~Power =P (X =12|p=0.36)
"Power=1-F(X =11|p=0.36)
=1-0.9753
= 0.0247
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Question:

The random variable X has a Poizson distribution. & sample 13 takeen and it iz desired
totest Hy: A=4.5 against H,: A <4.5 Ifa 5% significance level is to be used,

a find the size of this test.
h Given that 1 =41 find the power of the test

Solution:

a Hy:A=45 H; A<45
critical region seelc o such that

P (X Ec) <005 where & ~~Po(d )

Tables give:

P[Xiil) =0.0611
P[X=Cl) =0.0111

. critical regionis X =10

size 1g 0.0111

b Power =P(X=0]|1=41)

s e

= 0.016572...
=0.0166 (3:f)
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Exercise C, Question 4

Question:

A manufacturer claimes that a particular rivet produced in his factory has a diameter of
2 mm, and that the diameter is normally distributed with a variance of 0.004 mm® . 4

random sample of 25 rivets 15 taken from a dav's production to test whether the mean
diameter had altered, up or down, from the stated figure. A 3% significance level 15 to
ke used for this test.

Ifthe mean diameter had in fact altered to 2 02 mm, calculate the power of this test.

Solution:

D= diameter ~ 1 (,0.004)

Hy:u==2 H . u=2 _
e ; ; (.025 (LO25
Crtical region i1z | 2= 1.96 ¥

S8 o og et ™ e o6 ~1.96 .96
0.004 0.004
25 25

ie. X=19752... or X = 2.0247...
Power =P[X <1.9752.. | 4=2.02)+P[X > 2.0247 .| = 2.02]

=P(Z<-354_)+P(Z>03788. ]
= 0.0002 + [1-0.6480)

= 0.0002 40352

=03522 Z

Calculator gives 0.252596
so accept awrt 0,352 ~ 0,353

-3.54 .38
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Question:

In a binomial experiment consisting of 10 trials the random variable X represents the
number of successes, and p is the probability of a success,

Inatestof Hy: =03 against Hy: p > 0.3, acritical region of X =7 13 used.
Find the power of this test when

a p=04,

h p=0%

¢ Comment on your results. [E]

Solution:

Hy:p=03 H: z=03
Critical regionis X =7  a2=10

a Power=P(X=7|p=04)
=1-P(X =¢6)
=1-0.9452
= 0.0548

b Power=F(X=27|p=0.38)
Let ¥~ B(10,0.2)
=P(F=3)
=0.8791

¢ The test 1z more powerful for values of p further away from p =03

© Pearson Education Ltd 2C
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Exercise C, Question 6

Question:

Explain briefly what you understand by

a atype Lerror,

b the zize of a significance test

A zingle observation iz made on arandom variable X, where X o I, 100

The observation, x, 15 to be used to test H,: i0 = 20 against H,: g = 20, The critical

region 15 chosento be X =25,
¢ Find the size of the test.

Solution:

a Typelerror iz when Hy is rejected when Hy 15 in fact true.

h Size="P [Typel error)
c H,: x=20 Hy =20

Critical region 1s X = 25 & NN[,{J,IU)

Size = P (Reject Iy when Hj 15 true)

=P{X 225 u=20)

,25-20

@ #=1 (single chservation)

N

=P{Z >158..)
=1-09425%

= 00571 (T
1.58

=F|Z

© Pearson Education Ltd 2C
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Question:

A zingle obzervation x is taken from a Poiszon distribution with parameter 1. This
obgervation is to be used to test Hy: A=6.5 against H,: A <& 5. The critical regien
chosen was X < 2.

a Find the size of the test.

b Show that the power function of this test is given by ¢7* [1 +1 +é,‘1\2].

The table below gives the value of the power function to two decimal places.

A 1 2 3 4 5 &
Power [ 0592 | 5 042 1024 |¢ 0.06

¢ Calculate values for s and £

d Draw a graph of the power function.

e Find the wvalues of A for which the test 15 more likely than not to come to the
cotrect conclusion,

Solution:
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Hy:1=65 H;:1<65
Critical region X =2
a Size=P(X =2|1=6.5)=0.0430

b Power =FP(X =2|1)
e E—J _/11 E—JAQ
+

11 21

=g [1+;a+%;ﬁ]

=

e A=2=5=06767 (tables)=0.68(2dp.)
A=5=¢=0.1247 (tables) =0.12(2dp.)

d Seegraph

e Correct conclusion is arrived at when: A=46.3,
H, 15 accepted. So since size 15 0.0430

probability of accepting A =65 13 0,957

L A=65

of for 4 = 6.5, correct conclusion ig to reject H .
So require where power = 0.0 18 A < 265
{from graph)

© Pearson Education Ltd 2C
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Exercise D, Question 2

Question:

In a binomial experiment consisting of 12 trials X represzents the number of successes
and p the probability of a success,
Inatestof Hy: p =045 against Hy: p <0.45 the null hypothesis iz rejected if the

number of successes 15 2 or less.
a Find the size of this test
b Show that the power function for this test 15 given by

(1-p)2 +12p(1— p)"' +66p°(1—p)" .
¢ Find the power of this test when p 15 0.3,

Solution:

Hy:p=045 H:p=045
Critical region X =2, where XNB(]2,0.45)
a Zize =P|:X5 2)
= 00421
h Power= P[X£2|XNB(12,p))

12
= [l—p)m +12p [l—p)n+( 5 Jpz I:l—p)m
0

=(1-p)" +12p(1- )" +66p% (1-p)

c p=073
Power =0.2528

© Pearson Education Ltd 2C
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Question:

In a binomial experiment consisting of 10 trials the random variable X represents the
number of successes and p the probability of a success.

Inatestof Hy: =04 against H,: p > 04, acritical region of X =8 was used.
Find the power of this test when

a p=023

b p=02

¢ Comment on your results.

Solution:

Hy:z=04 H;:p=04
Critical region X =8
a Power =P(X 28| X ~B(10,0.5))

=1-P(X=7)
=1-09453=0.0547

b Power=P|X =8| X ~B(10,0.8))
Let ¥ rsB(10,0.2) then
Power = P(¥ =2|¥ ~B(10,0.2))
=0.6778

¢ The test is more powerful for values of p further away from 0.4,

© Pearson Education Ltd 2C
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Question:

A certain gambler always calls heads when a coin is tossed. Before he uses a coin he
tests it to see whether or not it i fair and uses the following hypotheses:

1 1
Hu3p=5 HLP‘”‘:E

where p 15 the probability that the coin lands heads on a particular toss. Two tests are
proposed,

In test 4 the coin is tossed 10 times and Hy 15 rejected of the number of heads 1z 2 or
fewer.
a Find the size of test A
b Ezxplain why the power of test 4 15 given by
(1—p)" +10p(1- p)* +43p%(1-p)*
In test B the coin is first togsed 5 times. If ne heads result H 15 immediately rejected.

Otherwise the coin is togsed a farther 5 times and H, s rejected if no heads appear on
this second occasion

¢ Find the size of test 5.

d Find an expression for the power of test B in terms of p.

The power for test A and the power for test B are given in the table for various values
of p.

P 0.1 0.2 0.25 0.3 .35 0.4
Power for test 4 09298 | D.E77E 03528 01673

Power for test B 08323 | 0.5450 | 04183 | 03073 | 02186 | 014825

e Find the power for test A whenp 12 0.25 and 035,
f Giving areason, adwise the gambler about which test he should use. [E]

Solution:

file://C:\Users\Buba\kaz\ouba\s4 1 d 4.t 3/22/201.
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1 1
H,.p=— H,:p<=<— n=10
R RS ( )

Test & Critical region & =2 where XNB[]U,_D:I
a Size =P(X=2|X~B(10,0.5))

= 0.0547
b Power = P[X =2| X ~B(10,p))

=(1-p)" +10p(1- 2V +(1§]p2 (-7

=({1-p)" +10p{1-p) +45p* (1-p )’

Test B Let FmB(ﬁ,p).
c CGize =P(}’=U)+[1—P(}’=U)]P(I"=D)Whﬁrﬁp=0.5
=0.03124[1-0.0312]=0.0212

= 006142
HNE caleulator gives 0.06152

d Power = {1—p)5+[1—(1—.37)5:|(1_p)5
. (1_;.)5[2—[1—;:)5}

e p =025=power, =05256

fi lculat
p =035=power, =0.2616 } rom calculator

f Usetest & asthis is always mote powerful
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Solutionbank S4

Edexcel AS and A Level Modular Mathematics
Exercise E, Question 1

Question:

A randotm sample of size 2 is taken without replacement, from a population with mean
@ and variance o° . Two unbiased estimators of the mean of the population are

.1 N 1
th =§':X1 +.4; +45) and i =£(X1 +24, + 45
a Caleulate Var(fi) and Var(fi.).

b Hence state, giving a reason, which estimator you would recommend. [E]

Solution:

a Var(iy)= %I:‘Jar (&) + Var (X, )+ Var (1,)]

_d+at+d &
-

Var (fg)= %[Var (X)+ 2V ar (X,)+ Var (X3)]
oV, . Y.
T 1 8

h Fecommend fg = Var(ffl) = Var (ﬂz)

© Pearson Education Ltd 2C
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Edexcel AS and A Level Modular Mathematics

Exercise E, Question 2

Question:

If X, X, &, 15 arandom sample from a population with mean @ and variance a°,

find which of the following estimators of 4 are unbiased If any are biased find an

expression for the bias.

1 3 1
a —& +=-X, +=-4;
g 8 2

b lraly
4710

c 1X1+2X2
3 £

1
d §':X1 +&, +.40

1 2 3
B o e 2 R
5 5 5

Solution:

o unbiased

1 1
d E{§ (X +.x +X3)} = §(,u+ M+ )= i

o unbiased
1 2z 3 1 2 3
e Bl X+ X, + X, |=-pu+"u+’
[515353]5’“5“5’”
3
: 1
Sblas ==
1as 5,.51
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Exercise E, Question 3

Question:

Find which one of the estitnators in question 2 iz the best.

Solution:

o
=]
B

1 3 1
[§X1+§X2+5X3]

- i?ar(Xl)+%?ar(Xg)+%?ar(X3)

64
= 0 il (= 0.4062593)
64 32

b estimator iz biased so would not prefer

1, 2 1, 4 5
c ?ar[—X1+—X2]=—O'2+—a}=—a} or 0.555¢°
37103 5 9 9

d ’ifar[l [ +X2+X3]] =l(93 + o +Cl'2)=ECI}orlcr2 or 0333
3 9 9" 7 3

e estimator 15 biased
Best estimator 15 unbiased with smallest variance.

Since l = ECJ2 < Eag
3 32 9
© Choose %(X1+X2+X3)

© Pearson Education Ltd 2C
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Exercise E, Question 4
Question:
i a’
A uniform distribution on the interval [0, @] has a mean of 5 and a variance of E

Three single samples A, X, and &, are taken from this distribution, and are to be

used to estimate @ . The following estimators are proposed.
i A +X5+4

. o
i (L8 )
ii 20X, 42X, +X)

a Determine the bias, if any of each of these estimators.

b Find the variance of each of these estimators.

¢ State, giving reasons, which of these estimators you would use.
d If =2z, =25 and z; =32, calculate the best estitnate of .

Solution:

[ I

2
i Var(X, +X,+X )— —t—=—
12 12 12 4

2 4
ii VM[E[XI+X2+X3]] :5{“—+‘i+‘i}:i

2 2
i Var[ 2(X,+2X, +%,)]= LZ+4“—+‘;—2}:242

o

c Tlze %(X1+X2 +.X;) since it iz unbiased (and has the smallest variance)
d n=2,x,=25x=32

:‘>§[XI+x2+x3)= (7.7)

[ENR

5[2+2.5+3.2)=
51

3

© Pearson Education Ltd 2C
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Exercise E, Question 5

Question:

A bag contains 100 counters of which an unknoewn number 2 are blue. It 15 known that
2=lm =98 Two discs are drawn simultaneously from the bag and the number # of

blue ones counted. It is desired to estimmate se by # =cn where ¢ 15 an unknown
constant. Find the value of ¢ given that the estimate 1z unbiased.

Solution:

9%
A =number of blue ones chosen
s 0 1 2
P{X=n) | (100—wm)(99—m) | 200m—2n | mlm—1)
10099 100 9% 100 9%
e = 200m =24 L2475 - 2m
100 =59
198
10099
_m
50

Taing # =cX
. ]
E(#m)=cE(X)=cx—
a0
. for # to be unbiased you need £ =50

© Pearson Education Ltd 2C
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Exercise E, Question 6

Question:

A sample of size # is taken from a population with a mean of @ and variance of o*.
a Show that the sample mean X 15 an unbiased estimator of 1.

b Show that as # increases Var(¥) decreases.

DY . . 2
¢ Show that 5 =—1 15 an unbiased estimator of o, but that
.
Y _aft . i
= E!— iz a biased estimator of o° .
b

Solution:

= E(E}=$E(X1+X2 +"'+Xm:'=$(,u+;1+---+#)=”:ﬁ=ﬁ

. X is unbiased estimator of .

h ?M(E)=?:—2?H(X1+---+Xx)=%(aj +...+aﬂ)=£=i

F
7 ?

Loas n%mﬁfar@)%[].

¢ B(S) = [E[xr it 2D [ 2
NE o =E[X)-42 CE(X})=p+c
Lop(p)-s E(E)= L
o E(sz)=:{m[ﬁ+a]_m[ﬁ +ﬂ}
= 1 st snct - i - o)
“E)p g
E(T) =l><(n—])03¢ag

T is not unbiased for o,

© Pearson Education Ltd 2C
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Exercise E, Question 7

Question:

A zim-zided die has some of its faces showing the number 0 and the rest showing the
number 1 so that p is the probability of getting a 1 when the die is thrown and ¢ is the
probability of getting a 0 If the random wvariable X is the walue showing when the die
15 rolled,

a find ELY) and Var(X).

A random sample 15 now taken by rolling the die three times in order to get an
estimate for p.

b Show that if @ X +a, &, +a X5 15 to be an unbiased estimator of p then
i+, ta =1,
¢ Find the variance of this estimator.

The following estimators of p are proposed.

o1 y 2
e, R S
5 5 5

W 1 3 1
i - +=X+-X
4 3 4

i 142z,
g7 g

d Find which of these 15 the best unbiased estimator.

Solution:
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x 0 1
P(XZX) b r p+g:1
a E(A)=p

Var(Xy=0+p-p'=p(-p) or pg

h E[cxlX1+a2X2 +c13X3) =mp t+a,p P

b unbiased @) +a, ta; =1

2 P P
c var(ale +ayd, +Q3X3) = pg tay pg tos py
= pgla) +a) +a] |

. 1 2 2 +ip+2 .
di E[—X1+—X2+—X3]=M=p.'. unbiased
5 5 5 3
1 2 2 9
Var| - K+ X+, | = 2L q+a+4)= 22
3 3 5 25 25
ii l+§+l=3#1 . not unbiased
4 8 4 8
iii i+E=%=1 . unbiazed
8 9 8
4 5 41
Var| 2 x5 +2x, | =2 qe+25)=224
8 8 81 81
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Exercise F, Question 1

Question:

A biased die has probability of a six equal to 2. The die 15 rolled » times and the
number of sizes recorded. The die iz then rolled a further # times and the number of
sizes recorded. The proportion of the 2» rolls that were sixes iz called B

a Show that & iz a consistent estimator of p.

The die 1z rolled a total of 30 times and 18 zizes are recorded.

b Find an estimate of p.

Solution:

A =number of sizesinarolls & wB(n,p)

RZM E(X)=np,var(X)=np(1-p)
b
a E(R)= iE[XﬁXz)
2n
1 2np
= + ==
EM[HP ?zp] 2n i

o Rz an unbiased estimator of pr.

WVar(®) =41?“Jar(Xl+X2)

= ozl (-p)yem-7)]

_ 2up (1— p:]
4
_r(-p)
2%
casx—som Var(F) —0
L R is a consistent estitnator for p.

. 1B 9
h =— o —
d 25

LUh
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Exercise F, Question 2

Question:

The continuous random variable 5 ~ [0, a].

a Show that 2.X iz an unbiased estimator of a.
b Determine whether or not 2.5 iz a consistent estimator of &

Solution:
X o TU[0,a]
a
E(X)=p=2% Va(X)=c*=L
2 2

a E[ﬁ2f]=2E[:}?]=2fu=2-%=cx

52X iz an unbiased estimator of a.

. - ¥
b Var(2F) = 4Var (F)=4Z
X

= 4a® _az

122 3n

Lasn—ee Var (2X)—=0

~2X iz aconsistent estimator of @

© Pearson Education Ltd 2C
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Exercise F, Question 3

Question:

TTzing the information and results from Example 16 show that M iz a consistent

estimator of a.

Solution:

FromExample 16 M =max{ X .. X,}

]

(M) = b a=(n+]}z—( 1 Ja
n+1 n+1 n+1

)
=a- a
n+1

as # —o0 E(M) —a

LM iz an asymptotically unbiased estimmator of a.

]
feies

(2 +2) (n+1)
as # =0 Var(d) —0

oM 15 a consistent estimator of @

War(M =

© Pearson Education Ltd 2C

file://C:\Users\Buba\kaz\ouba\s4 1 f 3.F

Pagel of 1

3/22/201.



Heinemann Solutionbank: Statistics 4

Solutionbank S4
Edexcel AS and A Level Modular Mathematics

Exercise F, Question 4

Question:

Ifarandem sample X, X, A, ... &, i1z taken frem a population with mean 4 and

standard deviation o, show that both,

- 1
l(X1+X2+...+XM_1+XM), and Tou may use DZEH(H—i_l) -1
£ =1
. . 1
gt = e ) S = (e 419021 +1)
?3(?3+1:| =1 6

ate unbiased and consistent estimators for

Solution:

a l[X1+X2 t+ X=X
e
':_Tg

E(X)=p andVar(F)=—

~X iz an unbiased estimator of 1 and '."Jariﬁ'] —0ann—oo X isa

consistent estimator of o

2(nX, + (n— X, +-+1X,)

b Let Y=
#ia+1)
1 2 : ; .
E(F)= E(X )+n—-1DE(X, )+ +E(X
(¥) mm[” (X )+ -DE(X,) (x)]
au :
e +(r=1D+-+1
M{M+1]|:M = :I
B ir:n(gz-i-lj
¥=1 2
! 1
T R )
a(n+1) 2

¥ ig an unbiased estimator of U

Var(¥) = %[Hﬂgﬂ oy O, -+12g2}
nt (m+1]
4y

- n? {M+1]2 6
Aot (2n+1)
fa{n+1)
As or—e= Var(F) — 0 Fisin consistent estimator of [0

M

(n+1)(22+1) '.'ir2=%{m+l}{2n+1}
1
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Exercise F, Question 5

Question:

The random variable X ~TI[0,&].

a?!

n+1
A random sarnple of 3 readings is taken from X and the statistic §=X7+X5 + X7 is

calculated.

a Show that E(X™M =

b Show that & is an unbiased estimator of a?.
¢ Show that Var(X™) = ;—544
A random sample of size » 13 taken of X

d Show that T=E(Xf +X7 4.+ X2 iz aconsistent estimator of a®.
#

Solution:
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X eoT[0,4]

) E(F)ZLﬂxxxidFLE::])I:[

a?é

n+1

b S=X+ X+ X2

E()=2 (ya)

2 .1 .2
a’ at a g

oo LI P e
Wy=Zrgtg=a

© 5 iz an unbiased estimator of &

4

o va(a)=5(x)-[2(x)] =L~

_ 9a* — 5 _ 4t

45 45
3 . .1 3 at
d E(T)=;E[X1 +---+X,¢]:; S+
2
=EX£= 2
2 3

T is an unbiased estimator of a*

‘Jar[T) =

9
o

9
r

4t 4a’
—_— A
A 45 on
Loas n— e Var(T) —0
2

o T 15 aconsistent estimator for a”.
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Exercise F, Question 6

Question:

TWhen a die iz rolled the probability of obtaining a six 1z an unknewn constant p. In

order to estimate p the die is rolled # times and the number, X, of sizes iz recorded.

A zecond trial is then done with the die being rolled the same number of times, and the

number of sizes, ¥, iz again recorded. Show that

. 3X+4F . X+4Y

a pp=———, and p, =
Tn 2

b State, giving reasons, which of the two estimators 18 the better one.

. are unhiased and consistent estimators of .

Solution:

XraBlap) ¥eaBlnp)
E(X)=p=mp Va(X)=c =np(l-p)

. Zup +dnp Ta
a B(p)=2 -2,
s T
1-p 1-p 1-p
gw-2) wl-r) ,-apll-p) e
Var(p,)= —2 R,
: 495" 494 49"
5opy 15 unbiased and Var(p, )— 0 an # — o . p; 15 consistent for p
e ap+a 2n
21 2n
npil-p) #pll-p)
it {A | »n g2 »n p{l_pJ
ar (1) pem 1}
P2) 4 20

5 Py 15 unbiased and Var@,) — 0 as # — 00 . §, i3 consistent for p.

251
s
48 2

. Choose since it has smaller variance.
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Exercise G, Question 1

Question:

The random variable X is binomially distributed. & sample of 15 ohzervations i taken
and it 15 desired to test Hy: 2 =0.35 against H,: p > 0.35 using a 5% significance

lewel

a Find the critical region for this test

h State the probability of making a type T error for this test
The true value of p was found later to be 0.5,

¢ Calculate the power of this test.

Solution:

Hy:p=035 H,:p=035 XNB[lﬁ,p)
a Seekcsuchthat P(X 2c) < 0.05
Tables give: P[X 58:] = 059578
SP(X=z9)=00422
So critical region1s X =9

b T [Type Ierror) =0.0422

¢ Power=P(X=z9|p=0.5)
=1-P(X=8|p=03)
=1-0.6%964
=0.3036

© Pearson Education Ltd 2C
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Exercise G, Question 2

Question:

The random variable X has a Poizzon distribution. & sample 12 taken and it iz desired
totest Hy: A=35 against Hy: 1= 3.5 using a 5% significance level.

a Find the critical region for this test

h State the probability of committing a type I error for this test.
(iwen that the true value of 1 15 3.0,

¢ find the power of this test.

Solution:

Hy:4=35 H;:A<35
a Seeke: P(X 2c) <005 where X~ Po{A)(1=3.5)
Tables: P{X =1)=0.1359 = 0.05
P(X =0)=00302<0.05

 critical region X =10

h T [T},rpe Ierror) =0.0302

¢ Power=P(X=0]|1=3.0)
= 0.04938

© Pearson Education Ltd 2C
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Exercise G, Question 3

Question:

The random variable X ~oN{p, 9. A random sample of 18 obeervations is taken, and
itis desired to test Hy: 4 =18 against H,: =8, atthe 5% sigrificance level. The test
statistic to be used iz £ = X; 'u'.

NG
a Find the critical region for this test

h State the probability of a type T error for this test
Given that w4 was later found to be 7,

¢ find the probability of making a type I error.
d State the power of this test

Solution:

X e M 0,35 n=18
Hy:u=8 H:u=8
a critical region when | Z |=1.56

X;B«:—l.% W o

3
8 JE
=X <6614, or X >9.3859...

Le. =196

h T {Type I error) =significance level =0.05

¢ P(TypeDerror)= P[6.614...=i i =19.3859._.|,u=?]

_p 6.6143...—7" e 9.3852...—?

Jz g
=P(-0.545.. <Z<3374.)
= 0.9996 — (1-0.7088)

= 0.77084
Calculater gives 0707023 20 accept awrt 0707 ~o 07703

d Power=1-F [Tj.rpe I error:l
= (.29 ~a0.252
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Exercise G, Question 4

Question:

A single obzervation, x, is taken from a Poisson distribution with parameter 4. The
obeervation 15 used to test Hy: A =45 against H,: A= 4.5 The critical regien choesen
for this test was x> 8.

a Find the size of this test.

h The table below gives the power of the test for different walues of 1

A 1 2 3 4 5 & 7 B 8 10

Power | O | 0001100012 » |0.1334 g 04013 (053470 ¢ | 07798

1 Find wvalues for», sand £
ii Tsing graph paper, plot the power function against 1.

Solution:
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H, A=45 H; - A=45
Critical region & =8
a Size=P|:X:_='8|)1=4_5)
=1—P|:X5?|fi=4.5)=1—0_9134
= [.0866
b i Power =P[X =8|1)
L =1-05489=0.0511
g =1-0.7440=102560
§=1-03239=0:6761

i Seegraph

© Pearson Education Ltd 2C
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Exercise G, Question 5

Question:

In a binomial experiment consisting of 13 trials X reprezents the number of successes
and p the probability of success,

Inatestof Hy: p =045 against Hy: p =0.45 the critical region for the test was
=3

a Find the size of the test

b Tse the table of the binomial cumulative distribution function to complete the table
given below.

P 0.1 0.2 0.3 0.4 0.5
Power | 0.544 g 02965 t 0.0176

¢ Drawthe graph of the power function for this test

Solution:
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Hyp=045 H;:p <045
Critical region X =3
a Size =P(X <3| X ~B(15,045))=0.0424
h Power =P|:X53|XNB(15,;7))
p=02=5=06482
p=04=¢ =0.0905

p?

¢ Zee Graph
T !
OWET -
: :
R
. LY
3 R
{-J
o
i
= - -
= :
: :
il
S B
.-
= s
-
L
Lk 33 4]
5
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Exercise G, Question 6

Question:

A bag containg 25 balls of which an unknown number, #z2, are coloured red

(3 = pe =2 22) . Two of the balls are dravwn from the bag and the number of red balls, X,
15 noted. It 15 desired to estimate m by M =cX .

a Calculate a value for ¢ if the estimate 12 to be unbiazed.

The balls are replaced and a second draw is made and the number of red ballz, ¥, 1z
noted.

b Write down E(F).

¢ Show that £ =00X +7.5F) iz an unbiased estimator of m.

Solution:
=
=
M R X =number of reds
24
% R
25_m E /
25
24— m 7
24
x ] 1 2
(25—??3) [24—.%:] m[25—m)+(25—m)m m[:m—lj
P (X =x) 25 % 24 2524 25524

253 24 25x24 2924 25
a E(y?z)=cE(X)=c><22L:

E(X)=50m Zm +2m 2m_ 48m _ Zm

25

o for # to be unbiased for »e, we need £ ==

et
h E(FI=E[(X)=—
(r)=E(x)=2
c E[Z)=5E|:X)+?.5E[Y)
2 1 5xlm
=5><_+—
25 25
25m
_=m
25

o 2 13 an unbiased estimater of .
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Exercise G, Question 7

Question:

A bag containg 25 ballz of which an unknown number, a1, are green, (4 <m< 210,
Three ballz are drawn from the bag and the number, X, of green balls 15 recorded. The
kalls are replaced and four balls are drawn with the number, ¥, of green balls noted.
Three estimators of p, the probability of getting a green ball, are proposed
A+Y
7
3K +4F
25
. 4K +5F
i —
24
a Show that all three are unbiased estimators of 2.
b Find which 15 the best estunator,

Solution:
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If = balls are selected E ICX:I =% (cotnpare with #p for a binomial)
If 4 balls are selected E(¥) =d;;?:
3m+4m
: X+47Y _E@XMHEQ) 55 o5 _m
ai E = = = gl
7 7 7 25
9m+16m
5 E X +47 _ 25 25 S
25 25 25
12m+12m 24 pa
” E(4X+3F]= 505 5 i,
24 24 24 25
~ all 3 are unbiazed estimators of p
25—
Similarly Var(X)= 3;’”%:3;(1—;)
dpe (20 —m
Var(¥)=—| —— |=4p([1-
ar(¥) 25[ 25 J r{i-7)
War (X )+Var (¥ 1-
b var[X+YJ= 2@ Val)_20=2)_ o145, 1 p)
7 49 7
IX +4YY _ 9Var(X)+ 16Var(¥)  (27+64) 91
V = = 1- p) = — p(l -
ar[ 25 J 25% 625 pU-p) ﬁzﬂp( 2
=0.1456p(1- g
4 +3¥Y_ 16Var(X )+ 9Var(¥) 48+ 34 84
i = = 1-pl=— p(1-
ar[ 24 J 24* 576 pli-7) STﬁp( ?)
=0.1458p(1-p)
1 91 B4
= -
7625 576
L Choose =il ' variance is smallest
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Exercise G, Question 8

Question:

A company buys rope from Bindings Ltd and it 1z known that the number of faults per

100 m of their rope follows a Poizson distribution with mean 2. The company is

offered 100 m of rope by Tieup, a newly establizshed rope manufacturer. The company

1z concerned that the rope from Tieup might be of poor quality.

a "Write down the null and alternative hypotheses appropriate for testing that rope
from Tieup 15 in fact as reliable as that from Bindings Lid

b Derive a critical region to test your null hypothesis with a size of approximately

0.05.
¢ Calculate the power of this test if rope from Tieup contains an average of 4 faults
per 100 m. [E]
Solution:
a H,:A=2 H: A=z
{(Cuality the same) {Cuality 13 pooter)

b Seek ¢ such that P[X‘:jc) #0050 where & ~Pol(2)
Tables P(X 54) = U.94?3:‘>P[X2 5) =0.0527

P(X=5)=09834=F(X26)=00166
Mearestto 0051z X =5
critical region is X =5

¢ Power =P(X z5|1=4)
=1-P(X=4|1=4)
=1-0.6285
=0.3712

© Pearson Education Ltd 2C
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Exercise G, Question 9

Question:

The number of faulty garments produced per day by machinists in a clothing factory

has a Poizzon distribution with mean 2. A new machinist iz trained and the number of

faulty garments made ih one day by the new machinist 15 counted.

a Write down the appropriate null and alternative hypotheses involved in testing the
theory that the new machinist iz at least as reliable as the other machinists.

h Derive a critical region, of size approxzimately 0.05, to test the null hypothe sis.

¢ Calculate the power of this test if the new machinist produces an average of
3 faulty garments per day.

The number of faulty garments produced by the new machinist over three randomly

selected days is counted.

d Derive acritical region, of approxzimately the same size as in part b, to test the null
hypothesis.

e Calculate the power of this test if the machinist produces an average of 3 faulty
garments per day.

f Comment briefly on the difference between the two tests. [E]
Solution:
a Hy: A=2 H:A=2

{az good) {worse)

b Seek ¢ suchthat P[iX 2-:) 22 005 where X~ Po(2)
Tables P(X 24)=09473=P(X=5)=0.0527
P(X=51=0983=P(X=6)=00166

. critical regionis X =5

¢ Power=P(Xz5|1=3)
=1-P[X =4|1=3)=1-028153=0.1847

d Seek & such that P[X 2.:1’) 2 (.05 where X rvPolf)

Tables P(X £10)=0.9574 =P(X =11)=0.0426
© critical region 1z X =11

e Power=P|:X:_='1]|,%=9) [= days has mean =3x3=19]
=1-P(X =10|A=9)
=1-0.7060
=0.2%4

f Second test iz more powerful as it uzes more daye.
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Exercise G, Question 10

Question:

A zingle observation, x, 15 to be taken from a Poisson distribution with parameter 3
Thiz observation iz to be used to test Hy: 3 =6 against Hy:p <6, The critical region

15 chosento be x < 2.
a Find the size of the critical region.

b Zhow that the power function for this test is given by 158_” (24204 u*)

The table below gives the values of the power function to 2 decimal places,

i 1.0 1.5 2.0 4.0 5.0 é.0 70
Power | 0.92 | 0.81 g 0.24 £ 0.0& 0.03

¢ Calculate the walues of 2 and £
d Draw a graph of the power function
e Find the range of values of w for which the power of this test 15 greater than 0.5

[E]

Solution:
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Hy-u=6 H:u<é
Critical region is X =2

a Size =P (X 2| X ~Po(6))

Page2 of 2

= 0.0620
b Power=P(X =2|X ~Po (6))
2
= t:_"+pe_“+% e
]
= c"‘[l+;;+’“—J
2
-
=%(2+2,{-{+,{.{=)
c s=06767
£ =0.1247
d See Graph Pk
fe: : &%
H
o
e From Graph
4<155

© Pearson Education Ltd 2C
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Exercise G, Question 11

Question:

The random variable X has the following distribution:

x 0 1

a Find ECX) and Var(y).

A random sample X, X,, A5, 18 taken from the distribution in order to estimate p.

b Find the condition which must be satisfied by the constants @, a,,q;, if

X, ta, X, +a, X5 15 to be an unbiased estimator of p.

¢ Find the variance of thiz estimator.
The following estimators are proposed:

.1 1 1
& 3 2
W 1 1 3
i —X+-4+—4
3 & 12
i X+ X,
12 12

d Ofthese three estimators, find the best unbiased estimator.

Solution:
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b ¥=af +af, +ak;
E (}’) = (al +a, +ay )p Jfer ¥ to be unbiased estimator of p

Touneed @ +a, +a, =1

C Varlil"jl =afp[l—p)+a§p[l—p)+a§p[l—p)
= (af +a§+a§)pq

d i l+l+l=].'. unbiased
6 3
Vi 1+1+1 1+4+% 14 28
anatce=|—+—+— = R R
% 5 a4)77 T T R PR
i l+l+ii1.'. biazed
6 12
i .
m —+— =1 unhiased
12 12

¢ =P TPy

25] M 37
PATT T 3

_ 49
Vanatce = —+—
144 144

1

. 1 1 . .
.. best estimater 13 — &) +§J{2 +5X3 ag it has the smallest variance

© Pearson Education Ltd 2C
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Exercise G, Question 12

Question:

Two sets of binomial trials were carried out and in both sets the probability of success
1z p. Inthe first set there were X successes out of & trials and in the second set there
were Fsuccesses out of # trials,

Possible estimators for p are 7 :%[E +£] and p, =
oo

n+m
a Show that both 7 and p, are unbiased estimators of p.
b Find the variances of p, and 7,

¢ If =10 and s =20 state, giving a reason, which estimator you would use.  [E]

Solution:

XNB(n,p)ﬂ,ﬂlx:np af=np(l—p)
I"NB[m,p)i,uy=P?g? c:li=mpl':1—p)

+ w3 SRR
E(X)+E(¥) _nptnp :[n+m)p _

E(p,)=
(£2) e+ n+m K+
. both 2 and p, are unbiased estimators of p

R I e v =
Vas(py) - VRV _m(-r)tmp(i-7)_rl=p)
+) (72 +m) B+
€ n=10,m:20:>var(ﬁ1):':20:(1;3)};1[;)—?)
80
i Var(5,) = 222
13
i35 gy (v80<%0)

. use P, unbiased and has smaller variance.
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Exercise G, Question 13

Question:

iIn this question maxiz,b) = the greater of the two values 2 and &)

A palasontologist was attempting to estimate the length of time, T, in years, during
which a small herbivorous dincsaur existed on Earth He believed from other evidence
that the earliest existence of the animal had been at the start of the JTurassic period.

Two examples of the animal had been discovered in the foeeil record, at times £ and
£, after the start of the Jurassic period. His model assumed that these times were
values of two independent random variables 7] and 7, each having a continuous
uniform distribution on the interval [0,7]. He considered three estimators for
n=F+%G. 7,=V3|L-F|. 7;=15max(,T)

He used appropriate probability theory and calculated the results shown in the table.

Variahle Expectation | Variance
i T 7?

2 12
%5 - .

3 18
mex(h. ) | 2r .

3 18

TTzing these results,

a determine the bias of each of his estimators,

b find the variance of each of hiz estimators.

TTzing wour results from a and b, state, giving a reason,
¢ which estunator 15 the best of the three,

d which estimator 15 the worst.

Solution:
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a E(g)= E(?I+Tg)=g+g=f - unbiased

E(g):J§E|?;—z;|:J§.g;.bias:§r—r: T[E—l]

3
E[Q:I=1.5E[max(?§,?})]=1.5-%—=T.'.unbiased
2 7
g T T
Var ()= 3 T
N
Ve@)=3E g

€ T 15 best since it 15 unbiased and it has the smallest variance.

d T iz worst since it is biased (and variance 1z just the same as 4

© Pearson Education Ltd 2C
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Exercise A, Question 1

Question:

Given that the random variable X hasz a £, -distribution, find values of £ such that,
a P(X<i)y=0025,

b P{X =i3=0035,

¢ PX|=)=0585.

Solution:
a P(X=0)=0025 when ¢ =2179 g0 P(X <£)=0025 when : =-2 179
b P(Y =8)=005 when :=1752

¢ P(X >£)=0.025 when ¢t =2.179
P X |>£)=0.95 when |£|=2.179

© Pearson Education Ltd 2C
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Exercise A, Question 2

Question:

igiven that the random variable X haz a £, -distribution Find
a £,(0.01),
b £, (0.05).

Solution:

a 2479  (from tables)
b 1706  (fom tables)

© Pearson Education Ltd 2C
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Exercise A, Question 3

Question:

The randem variable Fhas a £ -distribution. Find a value (or values) of £ in each of the
following

a v=10P{¥ < =055

b »=32B(F =£=0005

¢ v=5PF7F=5=0025

d v=16P{ ¥ |=£)=0098

e v=18P(F|=£=010

Solution:

a PF=£=005when :=1812 so P <£)=095 when :=13812

b P =6 =0005 when t =2738 so P(¥ <£)=0005 when t =-27738

¢ P¥Y=5=0025 when t =2.571 s0 P(¥ <) =0.025 when {=-2.571

d PF==001,when ¢ =22583, and P(¥ <¢)=0.01 when ¢ =-2583 s0
PO |=¢)=0098 when |t |= 2.583

e P(F=>£=003 when é=1734 and P(¥ <) =002 when :=-1734 zo
P |=£) =010 when |¢[=1.734

© Pearson Education Ltd 2C
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Exercise B, Question 1

Question:

A test onthe life {in hours) of a certain make of torch batteries gave the following
results:

202 173 250 184 163 248 243 212
Azzuming that the lifetime of batteries iz normally distributed, find a 20% confidence
interval for the mean.

Solution:

T=2095 #=34718.. . n=8 v=7

34719
= 2095 +1 890 ———— =18.624

. oy &5
=xt4, 1:|§| E N
and 23 276

Confidence interval = (18 624 23 276)

confidence limits

© Pearson Education Ltd 2C
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Exercise B, Question 2

Question:

A sample of size 16 taken from a normal population with unknown variance gave the
following sample values ¥=12.4,5° =21.0. Find a 95% confidence interval on the
population mean,

Solution:

=124 s=4+21 n=16 v=15

confi dence limits =X £, % |/% = 12_412_131/% =9.9586... and
L =) #

14 8413 ..
Confidence interval = (9 959,14 84 1)

© Pearson Education Ltd 2C
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Exercise B, Question 3

Question:

The mean heights (measured in centimetres) of six male students at a college were as

follows:

182 178 1832 180 16% 184
Calculate,
a a 90% confidence interval and

b a 95% confidence interval for the mean height of male students at the college.

Tou may assume that the heights are normally distributed

Solution:

a T =179333335 z=55015... n=6 v=13
Y8 55015,

i
confidence limits =T £ 4, )| % [x—==179.333..£2.015> —F

N
and 133859
Confidence interval = (174 808,183 829

kY

55015 .

(o 8
b confidence limits =X 4, )| — [x==179.333. £ 2.571x ———
L Pl R NG

and 185,108
Confidence interval = (173.25%,182.108)

© Pearson Education Ltd 2C
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Exercise B, Question 4

Question:

The masses (in grams) of 10 nails selected at random from abin of 90 cm long nails
WErE:

27 102 112 24 110 112 938 93 mwo 113

Calculate a 98% confidence interval for the mean mass of the nails, assuming that
their tnass 15 normally distributed.

Solution:

T=1036 s=073363_»=10 »=0

0773363
=1036+ 2821 ———=9706 and

Y s
[ T
11.014

Confidence interval = ({9 706,11 .01

o e
confidence limits = X £ 4, 13| 5

© Pearson Education Ltd 2C
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Exercise B, Question 5

Question:

It 15 known that the length of men's feet 13 normally distributed. & random sample of
the feet of B adult males gave the following summary statistics of length x {in cm):
S ox=2241 > x'=6337.3%

Calculate a 99%0 confidence interval for the mean lengths of men’s feet based upon
these rezults.

Solution:

224.1 1 224.1
P =2 s o1as & =Lleazre- |_g 5125

g 7 [
5=292254. n=8 v=7
- () 2.92254 ..
confi dence limits = X £, | & [x—= = 28.0125£3.499x 21 = 24 397
L2 ) V8

and 31.628
Confidence interval = (24. 357, 31 628)

© Pearson Education Ltd 2C
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Exercise B, Question 6

Question:

A random sample of 26 students from the sixth form of a school sat an intelligence test
that measured their Iz, The result are summarised below

x =122 w=225
Azsuming that the IO iz normally distributed, caleulate a 95% confidence interval for
the mean I of the students.

Solution:

T=122 s=.f225=15 v=25

confidence limits = x4, ‘% '|/%=122 +2.060% ‘;2;65 =115.940 and 128.060
»

Confidence interval = (11594, 128.06)

© Pearson Education Ltd 2C
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Exercise C, Question 1

Question:

iven that the observations 9, 11, 11, 12, 14, have been drawn from a normal
distribution, test H, 20 =11 against H,: g = 11, Use a 5% significance level

Solution:

=114 s=13816__.

H,:p=11 H:u=11

Critical region = 21352

T—u 114-11.0
s 18l6...
Ju J5
The result is not in critical region
Mo evidence that o is not 11

=0.45%2

Test statistic =

© Pearson Education Ltd 2C
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Exercise C, Question 2

Question:

A random sample of size 28 taken from a normally distributed variable gave the

following sample values T=17.1 and s* =4, Test Hy: =19 against H;: p =19,

Tsze a 1% level of significance.

Solution:

=171 =z=2
Hy u=1% H, u<1%
Critical region? < —2.473

R L 12_19 —_5.027
=
Jr 28

The result 15 1n the critical region.
There 13 evidence that i 13 less than 19

© Pearson Education Ltd 2C
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Exercise C, Question 3

Question:

A random sample of size 13 taken from a normally distributed variable gave the
following sample values ¥ =3.26, 5° =0.64. Test Hy:p=53agamnst H:p=3 Tsea

2% significance lewvel.

Solution:

T=326 s5=08

Hy:p=3 H:p=z3

Critical values £2.17%

Critical region & < =2 179 or £ = 2179

Teseniet B8 Beygn
-
Jroo 13

The result is not in the critical region
There iz no evidence that o 13 not 3
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Exercise C, Question 4

Question:

A certain brand of blanched hazelnuts for use in cooking is sold in packets. The
weights of the packets of hazelnuts follow a normal distribution with mean g4 . The
manufacturer claims that @ =100g A& sample of 15 packets was taken and the weight

x of each was measured. The results are summarised by the following statistics
> x=1473,> ' =148119.

Test at the 5% significance lewvel whether or not there 15 evidence to justify the
manufacturer’s claim.

Solution:

T=982 s=12744...
Hy:p=100 H:p=100
Critical region < —2 145 or > 2145
T—u 982-100
s 1574
VRN T
The result is not in the critical region
There is no evidence that [ is not 100

=-0443

Test statistic £=

© Pearson Education Ltd 2C
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Exercise C, Question 5

Question:

A manufacturer claims that the lifetimes of s 100 watt bulbs are normally distnibuted
with a mean of 1000 hours. A laboratery tests 2 bulbs and finds their lifetimes to be
985, 920, 1110, 1040, 945, 1165, 1170, and 1055 hours.

stating yvour hypotheses clearly, examine whether or not the bulbs have a longer mean
life than that claimed. Tze a 5% level of significance.

Solution:

T=104875 £=952346_
Hy:p=1000 H;:p=1000
Critical region £ =1 895

e - 1043775-1000
5 95,234 .
Jn N3

The result is not in the critical region
There iz no evidence that © 18 not 1000

© Pearson Education Ltd 2C
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Exercise C, Question 6

Question:

A fertiliser manufacturer claims that by using brand F fertiliser the yield of fruit
bushes will be increased. A random sample of 14 fruit bushes was fertilised with brand

F and the resulting ywields, x, were summarised by Zx= a0 &, sz =&00 The yield
of bushes fertilised by the usual fertiliser was normally distributed with a mean of 6 kg

per bush
Test, at the 2.2% significance level, the manufacturer’s claim.

Solution:

X=64857... & =0853626.. s=00923919
Hy:p=¢6 H:.p=¢6

Critical region ¢ = 2. 160
T—u 648571426

Test statistic i = 5, = 5933910 =1.967
Jn i

The result 15 not in the critical region
There 1z no evidence supporting manufacturer’s claim.
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Exercise C, Question 7

Question:

A nuclear reprocessing company claims that the amount of radiation within a
reprocessing building in which there had been an accident had been reduced to an
acceptable level by their clean up team. The amount of radiation, x, at 20 sites within

the building in suitable units are summarised by Zx =217, sz =28 4 Before the

accident the level of radiation in the building was normally distributed with a mean of
1.00. Test, at the 0.10 level whether or not the claim 1z justified.

Solution:

, 284-20x1.085
13

Hy:p=100 H,:p=1.00

Critical walues £ =1 328

¥—un  1.085-1

s 0.5035.

i 20

The result 15 not in the critical region

There 1z no evidence that i is not 1.00 so the claim 15 not justified

r=1082 =« =0.2555... ==05055.

Test statistic £ =

= 0752

© Pearson Education Ltd 2C
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Exercise D, Question 1

Question:

A random sample of 15 observations of a normal population gave an unbiased

estimate for the variance of the population of s° =4.8. Calculate a 95% confidence
interwval for the population wariance,

Solution:

z-1s*  (n-1)s? (14x4.8 14x4.8)
() | 26,1197 5629 |

Confidence interval =

F; 1_ t,l' 3 =
2,

Itl’.’ I, 2
5 ‘ An1

.
An1

— (2.573,11.938)
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Exercise D, Question 2

Question:

A random sample of 20 cbservations of a normally distributed variable X 1z
suminarised by Ex= 1324 and sz = 284,23, Calculate a 30% confidence interval

for the vanance of X

Solution:

1( 1327+
=662 32=—|884.3—— =04111...
19( 20 |

(n—1)5" (-1 | [19x0411.. 19x0411.)
{ (1) | 30.144 7 10,117
Y 2.-'_-'

Confidence interval =

(o) a
Aol = | £a1
2

= (0.259,0.772)

© Pearson Education Ltd 2C
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Exercise D, Question 3

Question:

A random sample of 14 observations is taken from a population that 15 assumed to be
normally distributed. The resulting values were:
2.3, 38, 3.0, 2.2, 26, 25, 23, 39, 2.1, 3.6, 2.1, 27, 32, 34

Calculate a 95% confidence interval for the population variance.

Solution:

T=28785 .. & =045873.

(r—1)s (n-1)s" | _(13x0453... 13x0458...)
£| 2 [1-9) | 24736 5009
2 s ‘{’x 1'-. 2 £

Confidence interval =

X:fl
= (0.241,1.191)

© Pearson Education Ltd 2C
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Exercise D, Question 4

Question:

A random sample of female woles was trapped in a wood. Their lengths, in centimetres
(excluding tails) were 7.0, 8.4, 10,1, 6.2, and 8.4 cm.

Azsuming that this is a sample from a normal distribution, calculate 95% confidence
interwvals for:

a the mean length,

b the wariance of the lengths of female woles

Solution:

T=212 52:2.03?__.__.5:142?

a Confidenceinterval = ¥ £, 1|

8.12—2.?76/1'42?” LB12+277T6x 1 il ‘— (6.348,%.892)
| J5
el Ayl y ;
. (n—1s ; (n’ e : =| 4/2.03?,4/2.03? |
(o) 4 (, o) V11145 0484
.r'[‘?e 1 2 An-1 1_5 ) !

(0 731,16.835)
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Exercise D, Question 5

Question:

a A random sample of 10 1z taken from the annual rainfall figures, x cm, in a certain
district. The result is summarised by Zx= f21 and ng =38 938
Calculate 90% confidence limits for,

1 the mean annual rainfall,

i the wvariance of the annual rainfall.
b What assumption have you made about the distribution of the annual rainfall in

patt a?

Solution:

1 621
a T=621 52=—| 200302 | =41544 . s=6445

2 10 |

i Confid e TR

1 onfidence interval = x = i R

vzl

=| 52l 1833 S0 i 00D |
\ 10 0

= (53.364,65.336)

-1s*  (r—1)s° (9x41544 . 9x41.544 |

n Confidence interval = =‘ 6019 3335

|'“,.-|-2|]__.

e
= (22092112450

v |

e
Anl

b MNormal distribution
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Exercise D, Question 6

Question:

A new variety of small daffodil 1z grown in the trial ground of a nursery. During the
flowering period a randotm sample of 10 flowers was taken and the lengths, in
millimetres, of their stalles were measured. The results were as follows:

266, 254, 215, 220, 2533, 230, 216, 248, 234, 244 mm
Azsuming that the lengths are normally distributed, calculate 95% confidence intervals
for the mean and wariance of the lengths.

Solution:

X =238s=17694._ s°=313.111._.

: [ (o) = oy s )
Confidence interval mean =| ¥ — — | K=, T+, = |¥—
e b vt b vy
=" St o s snmelia it e |
= (225343, 250657
T o
Confidence interval vanance = (n Uf EH,USE‘
L () .2 [ )
er1|§ f(?él]' 2
_|’9-313_111_. 9-313.11...‘|
\ 19.023  ° 2700

= (148 136, 1043 704)
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Exercise E, Question 1

Question:

Twenty random observations (x) are taken from a normal distribution with variance
o® . The results are summarized as follows:

Y x=3321,3 1 =5583.63

a Calculate an unbiazed estimate for the population variance,

b Test, at the 3% significance level, the hypothesis Hy: o* =15 against the

hypothesis H,: ¢ =1.5.

Solution:
- 2
a X=164605 3225583.63 ]2;](16'605) =3637.
b Hy:o=15 H:c">15
Critical region = 30,144
_ 2
Test statistic = 05 = 13037 _ 46 099
e 1.5

The test statistic iz in the critical region

There is evidence to suggest o =1.5
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Exercise E, Question 2

Question:

A random sample of 10 observations 15 taken from a normal distribution with variance
o which is thought to be equal to 0.09. The results were as follows:

0.35, 042, 0.30, 0.26, 0,31, 020, 040, 0.33, 0.30, 0.40
Test, at the 0.025% lewel of significance, the hypothesiz H: o = (.09 against the

hypothesis Hy: a? < 0.09

Solution:

F=0337 5P=00028677...
H, o°=00% H,:o<00%
Critical region < 2700
(r=1)s" _ §x00028677

Test statistic = =
e} 009

The test statistic iz in the critical region.

=0.287

There iz evidence to suggest that variance iz less than 0.09,
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Exercise E, Question 3

Question:

The following random observations are taken frotm a normal distribution which 1z

thought to have a variance of 4.1:
2.1, 23, 35,46, 50, 64, 7.1, 86, 87, 9.1

Test. at the 2% significance level. the hypothesis H: o = 4.1 against the hypothesis
H, ¢*=41

Solution:

H, o’=41 H: o' #41
FESq4  Bh=E040y,
Critical region = 2.7 and = 19.023

m 2
Tesmpstaipe Y e B e 15005
o] 4.1

The test statistic iz not in the critical region,
There iz no evidence the variance does notequal 4.1,
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Exercise E, Question 4

Question:

It is claitned that the masses of a particular component produced in a small factory are
normally distributed and have a mean mass of 10 g and a standard dewviation of 1.12 g
A random sample of 20 such components was found to have a variance of 1.15 g

Test. at the 2 % significance lewel, the hypothesis H g? =1.12* against the
hypothesis H,:o® =1.12°

Solution:

H, o°=112> H,:0" #1.12*
Critical region < 8 907 and = 32 552
(r=1s” _ 19115

Test statistic= = =
(o] 1.12

The test statistic 15 not in the critical region
There 1z no evidence the variance does not equal 1.12

=1741%
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Exercise E, Question 5

Question:

Eollers for use in roller bearings are produced on a certain machine. The rollers are
supposed be normally distributed and to have a mean diameter () of 10 mm with a
variance (o°) of 0.04 mm?.

A random sample of 15 rollers from the machine have their diameters, x in
millimetres, measured. The results are summarizsed below:

S x=149.941 > &' =149883
a Calculate unbiased estimates for @ and o° .
b Test at the 5% zsignificance lewvel,
1 the hypothesiz 4 =10 against the hypothesiz g =10, using vour ectitnate for
o® as the true variance of the population
il the hypothesiz o° = 0.04 against the hypothesis o° = 0.04

Solution:
i 2
a x= L =999 5= e ]11/9'996"' =0.0006977 ...
s =0.0264

bi H:u=10 H;:u=zl0
Critical region = —2.145 and > 2,145,

T i _ 9.996.—10
s 00264

n Jis
The test statistic 12 not in the critical region
There 1z no evidence that the mean does not equal 10
i H:o*=004 H,:0® 2004
Critical region <5 629 and = 26 119
(r—1)s* _ 14x0.0006977

o’ 0.04
This ig in the critical region
There is evidence that the variance i not 0.04
Tt iz less than 0 04 which 1z good in this context because it means that there i3 wery
little wariability.

Test statistic = =—0.587 {or <0577 of full calculator accuracy used)

Test statistic= =[] 244
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Exercise E, Question 6

Question:

The diameters of the eggs of the little gull are approximately normally distributed with

mean 4 11 cm with a variance of 0 1% cm?

A osample of B little gulls eggs from a particular island which were measured had
diameters in centimetres as follows:

44,45, 41, 39 44, 46, 45, 4.1

Calculate an unbiased estimate for the wvariance of the population of little gull egge
on the 1zsland.

Calculate an unbiased estimate of the mean diameter of the eggs and, test, at the 5%
lewel, the hypothesis @ =4 11 against the hypothesis po>=4.11

Test, at the 10% significance level, the hypothesis o = (.19 against the
hypothesis o = (.19

Solution:
a & =006125
b ¥=473125

H,:p=411 H;:p=411

Critical region = 1,395

T—p_43125-411
5 J0.06125

Va &

The test statistic 1z in the critical region

The mean weight 1z greater than 4.11

Test statistic = =23143

H,:0’=019 H,:0® #0.19
Critical region = 2 167 and = 14 067
(n—-Tig* _ 7x006125

o’ 0.19
The test statistic iz not in the critical region,

Test statistic= = 2256

There is no evidence that o does not equal 0.19
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Exercise E, Question 7

Question:

Climbing rope produced by a certain manufacturer 15 knowsn to have a mean tensile
breaking strength () of 1702 kg and standard deviation 10.5 kg The breaking
strength of the rope 1z normally distributed.

A new component 12 added to the material which will, it 1z claimed, decrease the
standard deviation without altering the tensile strength. & random sample of 20 pieces
of the new rope is selected and each is tested to destruction. The tensile strength of
each piece iz noted The results are used to calculate unbiased estimates of the mean
strength and standard deviation of the population of new rope. These were found to be
1724 kgand B85 kg

a Test at the 5% lewel whether or not the variance hasz been reduced.

b What recommendation would you make to the manufacturer?

Solution:

a Hy:o"=11025 H, ¢ =110.25 10.5* =110.25
Critical region < 10117

_1h .2 5
Test statistic = (72 1—2:'5 . 19% 8.5
o 110.25

The test statistic 1z not in the not critical region
There 15 no evidence that the variance has reduced.

=12.451

b Take a larger zample before committing to new component.
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Exercise F, Question 1

Question:

A random sample of 14 cbservations is taken from a normal distribution. The sample

has a mean % =30.4 and a sample variance s =36,
It 1z suggested that the population mean 15 28, Test this hypothesis at the 5% level of
sigrificance.

Solution:

H p==28 H:pu=28

Critical region < —2 160 or = 2 160

- 304-28
By 58,
5 Ta

The test statistic iz not in the critical region

There iz no evidence to suggest that ¢ does not equal 28

Test statshci = =14%67
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Exercise F, Question 2

Question:

A random sample of 8 observations is taleen from a random variable X that is normally
distributed. The sample gave the following summary statistics

S AP =97025 > x=85

The population mean 15 thought to be 10, Test this hypothesis against the alternative
hypothesis that the mean is greater than 10, TTse the 5% lewel of significance.

Solution:

Hy:p=10 H;:p=10
Critical Eegion =1 895

£ =22 10625
2
1 =1 Ca. a
ngz:r Ax} _970.25-8x10.625° o o0
n—1 7
Testimaned B MO0 0 wnany
El 3.539..
Vn 2

not critical — ne ewidence to suggest that p = 10
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Exercise F, Question 3

Question:

sz eggs selected at random fom the daily cutput of a battery of hens had the
following weights in grams.
55, 450, 53, 53, 22, 34
Calculate 95% confidence intervals for
a the mean,
b the wariance of the population from which these eggs were taken,
¢ What assumption have you made about the distribution of the weights of eggs?

Solution:

T=02833.. s=1722...
a confidence interval = | X—ty, 13|r §| /%, Fikl, ”|I‘ %| /%|
L2 AE 7 |

17722 17722 ‘

=I52.833...—2.5?1/ D2 B33 +2571x
| J6 NG

= (51.025,54.641)

—135* =135% Coslio08 Sliioday )
b confidence interval = e ,)S\ (H, Js :‘ ~ : ~
12.832 0.831

_2'[-!" 2 [-'.'l‘I
An-1 §| Al

.1__
2.-'.-'

= (1.156,17.850)
¢ They are normally distributed.
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Exercise F, Question 4

Question:

A sample of size 18 was taken from a random variable & which was normally
distributed, producing the following summary statistics,

T=598 #=049

Calculate 5% confidence intervals for
a the mean,

b the wariance of the population.

Solution:

- fid terval = I
a confidence intery | T—t, 1]| 5 | ‘J_ T+ 1]| -\.'{_ |
=|%8-2110 98+2110
| /ul'l_ Wl |
= (9.451, 10.148)
-1)& g ( \
b confidence interval = L JS e —Ls . :‘ 17 /0'49,1? x0.43
e ey e o) L 20191 7.564
A E Ar1 _5 : g

(0.276,1.101)
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Question:

A random sample of 14 observations was taken of a random variable & which was

normally distributed. The sample had a mean ¥ =23.8, and a variance & =1.8.
Calculate,

a a 99% confidence interval for the variance of the population,

b a 20% confidence interval for the variance of the population.

Solution:

. (r-1s? (n-1)s? 13%1.8 1331 &)

a confidence interval = . - - =‘ .
N AN o | 247360 5008
A E | A1 1_5 ’ !

(0.946,4.672)

2 Cqn 2 ¢ \

b confidence interval = (e })S\ : (2 4 s : =‘ 13x18 ,13 x1.8
e ey e o | 22.362° 5892 |

A1 E | Al 1_5 : ’

= (1.046,3.971)
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Exercise F, Question 6

Question:

A manufacturer claims that the lifetime of itz batteries 15 normally distributed with
tmean 21.5 hours. & laboratory tests B batteries and finds the lifetimes of these
hatteries to be as follows:

197 184 222 208 16% 253 232 211
Stating clearly wour hypotheszes, examine whether or not thege lifetimes indicate that
the batteries have a shorter tmean lifetime than that claimed by the company. TTze a 5%
lewel of significance. [F]

Solution:

T=2095 s=2674.
Hypu=215 H:p=<215
critical region = —1.895

L _F—p_2095-215
test statisticf = — = =-0.5817
e2T STartislc - 5674

N B

The test statistic 15 not in the critical region
There 13 no evidence to reject claim
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Exercise F, Question 7

Question:

A diabetic patient monitors his blood glucose in mmol/l at random times of the day
over several days. The following iz a random sample of the results for this patient.

51 58 61 £.8 .2 51 £.3 £.6 £.1 78 5.8 £.5
Assuming the data to be normally distributed, calculate a 5% confidence interval for
a the mean of the population ofblood glucose readings,

b the standard dewiation of the population of blood glucose readings.

The lewvel of blood glucese varies throughout the day according to the consumption of
food and the amount of exercise taken during the day.

¢ Comment on the suitability of the patient’s method of data collection. [F]

Solution:

¥=61916_ s=07549 . & =05699 .

a confidenceinterval = | Xy H‘T g‘ /%, X i 13[‘ %| /ﬁ |
( 07545 | 07545 0

=| 61916, . 2201 ——— &6 1916, +2. 201 ———
| 12 12 ‘

= (5.712,6.671)

T T
b confidenceinterval War = % }}S (meljs

_2'(!’"’_2' _t-f.'"
An 1§| Aa 11 5
[ 11x0.5693 . 11x0.56%9__ )
| 21920 3816 |

— (02861 643)
confidence interval 2.4 =(0.535,1.28)

¢ He should measure his blood glucose at the same time each day.
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Exercise F, Question 8

Question:

A woollen mill produces scarves. The mill has several machines each operated by a

different person. Jane has recently started worliing at the mill and the supervisor

wishes to checl the lengths of the scarves Jane 15 producing. & random sample of 20

scarves is taken and the length, x cin, of each scarf iz recorded. The results are

sumimarised as.

S x=1428, > x'=102286

Azsuming that the lengths of scarves produced by any individual follow a normal

distribution,

a calculate a 95% confidence interval for the variance o of the lengths of scarves
produced by Jane,

The mill's owners require that 0% of scarves should be within 10 cm of the mean

length.

b Find the value of & that would satisfy this condition.

¢ Explain whether or not the supervisor should be concerned about the scarves Jane

15 producing. [E]
Solution:
o 2
f=1-428=F”.4 Sz=102 286—20x714 —17.2
0 15
—13s —1ys* (19x17.2 19x17.2)
a confidence interval = v :IS g : =| - . -
oY L2 ()] | 32,852 Bany
|23 ) 2|73 )
= (9848, 36,69
b 10=1644%=T s0 LT=L=6.CI?9
1.644%

c +f36.69 < 6079 z0the supervizor should not be concerned.
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Exercise F, Question 9

Question:

In order to discover the possible error in using a stop-watch, a student started the
watch and stopped it again as quickly as she could. The times taken in centizeconds
for & such attempts are recorded below:

1, 13, 14, 10, 13, 8
Azsuming that the times are normally distributed, find 95% confidence limits for
a the mean,
b the wariance. [F]

Solution:

=115 s=2073_.

a confidence interval = |x & 13| | X+L‘.|: 13| |
X » ,\Ill'_
:| 11.5—2.5?1/%,11.%2.5?1/2'0?3"' |
N3 N3
= (5324 13673
1) —1s? (53207307 500754 )
b confidence interval = (z JS” (m, 5 _ =| “ ) “ |
feey o . ) 12832 0831
:‘fxl E An1 ) |

= (1 675,25 8?2)
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Exercise F, Question 10

Question:

A manufacturer claims that the car batteries which it produces have a mean lifetime of
24 months, with a standard deviation of 4 months. A garage selling the batteries
doubts this claim and suggests that both values are in fact higher,

The garage monitors the lifetimes of 10 randomly selected batteries and finds that they
hawe a mean lifetitne of 27 2 months and a standard deviation of 5.2 months.

Stating clearly yvour hypotheszes and using a 5% level of significance, test the claim
made by the manufacturer for

a the standard dewviation,

b the mean,

¢ State an assumption which has to be made when carrying out these tests. [E]

Solution:

a Hj.o=4 H:o=4
Critical regiony® = 16919
(n—115° _ 9% 5,22
2 & 2
le]

The test statistic iz not in the critical region,
standard dewiation could be 4 months

Test statistic= =1521

b Hy:u=24 H,:p=24

Critical region £ =1 833
T—u 272-24
s 52
NN

There 15 evidence to reject H,

Test statistic £ = =1.946

The mean battery life iz greater than 24 months

¢ Lifetime iz normally distributed
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Exercise F, Question 11

Question:

The distance to “take-off” from a standing start of an awrcraft was measured on twenty
occasions. The results are summarised in the following table.

Distance (m) | Frequency
00— 3
70— 5
720— 9
730— 2

740750 1

Azsuming that distance to “take-off” 12 normally distributed, find 5% confidence
interwvals for

a the mean,

b the standard deviation.

It hasz been hypothesized that the mean distance to “take-off’ 158 725 m.

¢ Comment on this hypothesis in the light of vour interval from part a. [E]
Solution:
T=7215 s=10.39%_ .
. [ (o) s () s )
a confidenceinterval =| x— —|x—=.,7T+ k] [
| o ”|.__ 2 _..| o ”|._, 2 __.| n |
= | 721.5- 2.093/710'399"” 21542083 /L'ng"' ‘

= (717,726)

(n—1)*  (n-1)5"

b confidence interval variance =

PR (A _t-'.'"
An 15| A 1|1 5
_[(19x10.399 .7 19x10.399. 2
‘ 32852 7 8907 |

= (62.553,230.717)
confidence interval standard dewiation ={7 209 15 159

¢ 725 within confidence interwval,
There iz no ewidence to reject this hypothesis
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Exercise F, Question 12

Question:

The maximum weight that 50 cm lengths of a certain make of string can hold before
breaking (the breaking strain) has a normal distribution with mean 40 kg and standard
deviation 5 kg The manufacturer of the string has developed a new process which
should increasze the mean breaking strain of the string but sheuld not alter the standard
deviation. Ten randomly zelected pieces of string are tested and their breaking strains,
inkg, are:
51,48, 37, 46, 36,53, 34,49 47 30
a Stating your hypotheses clearly test, at the 5% lewel of significance, whether or not
the new process has altered the variance.
In the light of your conclusion to the test in part a,
b test whether or not there 15 evidence that the new process has increased the mean

breaking strain. State vour hypotheses clearly and use a 5% lewel of significance.
¢ Ezplain briefly yvour choice of test in patt b, [E]

Solution:

T=451 s=63838._.
Hy:o=5 H,:o=25

a Cntical region = 19023 and < 2.700

. (»r-1)F 9x6.3838.°
Test statistic = 2 e .
(5]

There iz insufficient evidence to reject H;

=16.836

T=5

b Criticalregion z > 16449

A—-u _ 451-40
a 5
NCRNTi

The test statistic iz in the critical region.

There iz evidence to suggest there iz an increase in breaking strain.

Test statistic =z = =3.225

¢ In athere was no change in & so assume o =3 .. use z not i
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Exercise F, Question 13

Question:

A company knows from previous experience that the time taken by maintenance
engineers to repair a particular electrical fault on a complex piece of electrical
equipment 15 3.5 hours on average with a standard dewiation of 0.5 hours.

A new method of repair has been dewvised, but before converting to this new method
the company took a random sample of 10 of its engineers and each engineer carried
out a repair using the new method. The time, x hours, it took each of them to carry out
the repair was recorded and the data are summarized below:

> x=342 3 =1216

Assume that the data can be regarded as a random sample from a normal population.
a Forthe new repair method, calculate an unbiased estimate of the variance.
b Tse your estimate from a to calculate for the new repair method a #5% confidence
interval for
1 the mean,
1 the standard deviation.
¢ Usze your calculations and the given data to compare the two repair methods in
otrder to adwize the company as to which method to use.
d Suggest an alternative way of comparing the two methods of repair using the 10
randomly chosen engineers, [E]

Solution:

2

A2 zgre oy 32t - ux _121.6-10x342°

a T="— =05151._.
10 n—1 9
. [ T AT (o s )
b 1 confidenceinterval mean =| ¥ ¢, | — | X—, %+, || — | x—
| * 2 ‘ Jo T | S |
=(342-2262 /%,3.42+2.262 /0'71??"'

7o B
= (2.906,3.933)

(in—1s  (n-115" |

Xa (0.025)7 3 (0.973) |

(9%0.515... 9x0.515...)
=| : \=(0.244,1.?1?)
19.023 2700 |

confidence interval standard déviation ={04%37 13103

n confidence interval variance =‘

¢ 3.5 hours 15 inside the confidence interval on the mean, so there 15 no evidence of a
change in the mean time,
0.5 hours 15 inside the confidence interval on the standard deviation so there is no
evidence of a change in the variability of the time.
There 13 no reason to change the repair method.

d TUse a ‘matched pairs’ experiment, getting each engineer to carry out a similar
repair using the old method and the new method and use a paired £-test.
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Exercise A, Question 1

Question:

Find the upper 5% critical value for a &, , -distribution in each ofthe following cases:
a a=124=1E,

b a=45=11,

c a=6h=9.

Solution:

a 2.34
L 335
c 337

© Pearson Education Ltd 2C
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Exercise A, Question 2

Question:

Find the lower 5% critical value for a F, ,-distribution in each of the following cases:
a a=6h=5,

b a=254=12,

c a=5h=5,

Solution:

1
a — =0.241
Fog

1
b

=04&3

o

i

|

c =0.198

e

S5

© Pearson Education Ltd 2C
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Exercise A, Question 3

Question:

Find the upper 1% critical value for a &, ,-distribution mn each of the following cases:
a a=12b=15,

h a=6&=16,

c a=5h=9.

Solution:

a 337
b 4.20
c 608

© Pearson Education Ltd 2C

file://C:\Users\Buba\kaz\ouba\s4 3 a_ 3. 3/22/201.



Heinemann Solutionbank: Statistics 4 Pagel of 1

Solutionbank S4
Edexcel AS and A Level Modular Mathematics
Exercise A, Question 4

Question:

Find the lower 1% critical value for a F, , -distribution i each of the following cases:
a a=3h=12,
b a=84i=12,
c a=5h=12.

Solution:

a < e 0.0370

oz

b =0.176

=0.101

1
F].‘J.S

1
R t
s

© Pearson Education Ltd 2C
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Exercise A, Question 5

Question:

Find the lower and upper 5% critical value for a &, , -distribution 1n each of the

tollowing cases:
a a=ab=10,

b a=125=10,
c a=3h=5,

Solution:

a 3.07",L =0.259

104

b 291, =10.364

1.1z

c 5.41,L0.11]
53
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Exercise A, Question 6

Question:

The random wvartable X follows a Fy 1, -distribution.
Find P(X <0.5).

Solution:

P(X <0.5) =P(Fy, <0.5)

1
=PI, =
(Haso 0.5)

= P(Fy>2)
From the tables f, (005 =2
SR Py = 2 =P(Fg < 0.5)=0.05
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Exercise A, Question 7

Question:

The random variable X follows a B, , -distribution.

Find P : <X =328
2.85

Solution:

P(X <3.28) = 1- P(F,, > 3.28)
=1-005=1095
P(X <L) = P(fg <L)
285 285
— P(E,, > 2.85)
“P(X < y=0.05
2.85

1
2.85 )

P|'§ ! L xe308 "|= DX < 3.28)—P|r}{ <
| 285

=0.95-0.05
=090
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Exercise A, Question 8

Question:

The random wvariable & has an F-distribution with 2 and 7 degrees of freedom.
Find P{X =955}, [E]

Solution:

P(X <955)=1-P(F,, »955)
=1-0.01
=0.99

© Pearson Education Ltd 2C
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Exercise A, Question 9

Question:

The random variable X follows an F-distribution with & and 12 degrees of freedom.
a ohow that P{022< X =200)=09,

A large number of values are randomly selected from an F-distribution with & and 12

degrees of freedom.

b Find the probability that the seventh walue to be selected will be the third value to
lie between 0.25 and 3.00. [¥]

Solution:

a P(X <3.00)=1-P(F, > 3.00)
=1-0.05=0095

1
P(X > 025 =P(F,, > —
( el

=P(F, ;=4
=0.95
P{0.25<¢ X <3) =095-0.05
=0.90
b L0901 %09=000109

© Pearson Education Ltd 2C

file://C:\Users\Buba\kaz\ouba\s4 3 a 9. 3/22/201.



Heinemann Solutionbank: Statistics 4 Pagel of 1

Solutionbank S4
Edexcel AS and A Level Modular Mathematics
Exercise B, Question 1

Question:

Eandom samples are taken from two normally distributed populations. There are

11 observations from the first population and the best estimate for the population
variance is s° = 7.6. There are 7 observations from the second population and the best
estimate for the population variance is & = 6.4,

Test, at the 5% level of significance, the hypothesis H,: o = 0. against the

alternative hypothesis H,: o)* > a,°.

Solution:

Critical value 15 Fp, =406

7.6
Fu == 11875

fiot in critical region

accept H—there is evidence to suggest that o =

© Pearson Education Ltd 2C
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Exercise B, Question 2

Question:

Eandom samples are taken from two normally distributed populations. There are 25
ohezervations from the first population and the best estimate for the population variance

iz 5° =0.42. There are 41 observations from the second population and the best
estimate for the population variance is & =0.17.
Test, at the 1% significance level, the hypothesis Hy: o =&, against the alternative

hypothesis H, o = o,

Solution:

Crtical value 15 H, =229

0.42
AR B, B )7

In critical region

reject H, — there iz evidence to suggest that o > o

© Pearson Education Ltd 2C
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Exercise B, Question 3

Question:

The variance of the lengths of a sample of 9 tent-poles produced by a machine was
63mm* . A second machine produced a sample of 13 tent-poles with a variance of
225mm? . Both these values are unbiased estimates of the population variances.

a Test, at the 10 % level, whether there 15 evidence that the machines differ in
vartiability, stating the null and alternative hypotheses.

b State the assumption you have made about the distribution of the populations in
order to carry out the test in part a. [¥]

Solution:

a H:ol=c H o #c
352

=)

Critical value 15 f,,
229
o=t =857
tect 63

In critical region
reject H, — There 1z evidence to suggest that the machines differ in variability

b Population distributions are assumed to be normal

© Pearson Education Ltd 2C
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Exercise B, Question 4

Question:

Eandom samples are taken from two normally distributed populations. The size of the
sample from the first population 15 #; =13 and this gives an unbiased estimate for the

population variance 512 =364 The figures for the second population are #, =7 and
5 =526

Test, at the 5% significance level, whether o} =2 orif of > a7,

Solution:

Critical value 15 5y, =285

wile Oy s
26.4

test

not in critical region

accept H—there is evidence to suggest that o] =0

© Pearson Education Ltd 2C
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Exercise B, Question 5

Question:

Dining chairs Ltd are in the process of selecting a make of glue for using on the joints
of their furniture. There are two possible contenders — Goodstick which 15 the more
expensive, and Holdtight, the cheaper of the two.

The comp any are concerned that, while both glues are said to have the same adhesive
power, one might be more variable than the other.

A series of trials are carried out with each glue and the joints tested to destruction The
torce in newtons at which each joint failed is recorded. The results are as follows:

Goodstick 10.3 8.2 95 9.9 11.4
Holdtight Q4 10.8 9.9 10.8 10.0 10.2

a Test, at the 10% significance level, whether or not the variances are equal
b “Which glue would vou recommend and why?

Solution:

A Ohpes = 1.363
O = 0.24167
Critical value 13 7 ;=519

_ 363 _
0.24167

In critical region
reject H—there 15 evidence to suggest that the variances are not equal

toct

b Heldtight as it 15 less variable and cheaper.
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file://C:\Users\Buba\kaz\ouba\s4 3 b 5.t 3/22/201.



Heinemann Solutionbank: Statistics 4 Pagel of 1

Solutionbank S4
Edexcel AS and A Level Modular Mathematics
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Question:

The closing balances, £x, of a number of randomly chosen bank current accounts of
two different types, Chegrit and Dicaball, are analysed by a statistician. The summary
statistics are given in the table below.

Sample size Sx S
Chegnit 4 276 143 742
Dicabalk 15 354 102 341

stating clearly your hypotheses test, at the 10% significance lewvel, whether or not the
two distributions have the same variance. (T ou may assutne that the closing balances
of each type of account are normally distributed.) [E]

Solution:

Opregs = 22 143.286

R )

Critical valueis Fp, = 285
_22143.286

6570 85238
Tn critical region — there 15 evidence to suggest that their variances differ

= 33699
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Exercise B, Question 7

Question:

EBighorough council wishes to change the bulbs in their traffic lights at regular
intervals so that there 15 a very small probability that any light bulb will fail in service.
The council are anxzious that the length of time between changes should be as long as
possible, and to this end they have obtained a sample of bulbs from another
manufacturer, who claims the same bulb life az their present manufacturer. The
council wishes therefore to select the manufacturer whose bulbs hawe the smallest
Variafce,

When they last tested a random sample of 9 bulbz from their present supplier the
sunmary results were Zx = 9415 hours, sz = DHE3 681, where x represents the

lifetime of a bulb.

A random sample of 8 bulbs from the prospective new supplier gave the following
bulb lifetimes in hours: 1002, 1018, 243, 1030, 234, 263, 1043, 994

a Calculate unbiased estimates for the means and variances of the two populations,
Azsuming that the lifetimes of bulbe are normally distributed,

b test, atthe 10% significance lewel, whether or not the two wariances are equal.

¢ State your recommendation to the council, giving reasons for your choice.

Solution:

a w=1046 &' =181811 and p, =99775 & =1200.21
b Crtical value 18 f, =3.73

_ 118111,

0021

not in critical region

5148

accept Hy—there 15 evidence to suggest that LTf = (_Tg

¢ Use present supplier who appears to have a higher mean
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Exercise C, Question 1

Question:

A random sample of 10 toothed winkles was taken from a sheltered shore, and a
sample of 15 was taken from a non-sheltered shore. The maximum basal width,
(x mm), of the shells was measured and the results are summarised below,

Sheltered shore: T=25,5° =4 MNon-sheltered shore: T =222 =53,
a Find a 95% confidence interval for the difference between the means.
b State an assumption that you have made when calculating this interval.

Solution:

2o OxX4)+(14x53)
: 10+15-2
5, =2.189

£5(2.5%) = 2.069

(25—22)12.063x2.189, i+i =311.845
15 10

= (1.151,4.849)

b Independent random samples, normal distributions, common wariance

=47313
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Question:

A packet of plant seeds was sown and, when the seeds had germinated and begun to
grow, 8 were transferred into pots containing a sotl-less compost and 10 were grown
oft i a soil-based compost After & weeks of growth the heights, x, in cm of the plants
were measured with the following results:

soil-less compost: 2.3, 27, 78, 100,92, 95,759 89

Sotl-based compost: 12,8, 13,1, 11.2, 1001, 13,1, 12.0, 12,5, 11.7, 11.9, 12.0.
Azsuming that the populations are normally distributed, and that there iz a difference
between the two means calculate a 90% confidence interval for this difference.

Solution:

T, =89125, & =058125
T, =1204 1 =084933
o (7x0.58125)+(9x0.84933)
B 10+8-2
5, = 0855
4 (5%) = 1.746

(12.04 -8.9125)£1.746x 0,555 %+% =3 1275107081

= (2.419,3.836)

=0.731%
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Exercise C, Question 3

Question:

Fotty children were randomly selected from all 12-year-old children in a large city to
compare two methods of teaching the spelling of 50 words which were likely to be
unfamiliar to the children Twenty children were randomly allocated to each method

Six weeles later the children were tested to see how many of the words they could spell

correctly. The summary statistics for the two methods are given in the table below,

where X is the mean number of words spelt correctly, &° is an unbiased estimate of
the variance of the number of words spelt correctly and » 12 the number of children
taught using each method.

X 5 "
Method A 327 & 18 20
MMethod B 382 5 o8 20

a Calculate a 29% confidence interval for the difference between the mean numbers
of words spelt correctly by children who used IMethod B and Iethod A

b State two assumptions you have made in carrying out part a

¢ Interpret your result

Solution:

b normality and equal variances
¢ zero not in interval = method B seems better than method A

© Pearson Education Ltd 2C
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Exercise C, Question 4

Question:

The table below shows summary statistics for the mean daily consumption of
cigarettes by a random sample of 10 smokers before and after their attendence at an
anti-smoking workshop with ¥ representing the means and s° representing the
unbiazed estimates of population wvariance in each case.

x _5'2 I
Mean daily consumption before the workshop 186 32481 10
Mean daily consumption after the workshop 14.3 33.344 10

stating clearly any assumption you make, calculate a 0% confidence interval for the

difference in the mean daily consumption of cigarettes before and after the workshop.

Solution:

Azsume same variances and that the population of differences is normally distributed
2 (932488 )+ (5 =33.344 )
g = =

: =32.916
10+10-2

s, = 573725
£ (5%%) = 1.734

(18.6-14.3)£1.734 x573725, f% +% =4 3+4.44905

= (0.149,8.749)
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Exercise D, Question 1

Question:

A random sample of size 20 from a normal population gave ¥ =16,5° =12.

A second random sample of size 11 from a normal population gave ¥ =14,5° =12.

a Assuming that the both populations have the same variance, find an unbiased
estimate for that variance.

b Test, at the 5% level of significance, the suggestion that the two populations have
the same mean

Solution:

2 (15x12)+(10x12)
BT e
b Hyopy, =ty Hyo gy, = oy
critical value £, (0.025)=2.045
critical region iz £ = —2.045 and £ =2.045

g:M:ljgg

gy fhusye L
20 11

Mot in critical region — do not reject Hy

a

=12 0 5, =12 = 3464

There 15 evidence to suggest that the populations hawe the same mean

© Pearson Education Ltd 2C

file://C:\Users\Buba\kaz\ouba\s4 3 d 1.t 3/22/201.



Heinemann Solutionbank: Statistics 4 Pagel of 1

Solutionbank S4

Edexcel AS and A Level Modular Mathematics

Exercise D, Question 2

Question:

Salmon reared in Scottish fish farms are generally larger than wild salmon
A fisherman measured the length of the first & salmon caught on hiz boat at a fish
farm. Their lengths in centimetres were

428,400,382, 37.5,37.0,36.5.
Chefs prefer wild salmon to fish-farmed salmon because of their better flavour. A chef
was offered 4 salmeon that were claimed to be wild Their lengths in centimetres were

420,430,415, 400
Tse the information given abowe and a suitable £-test at the 2% level of significance to
help the chef to decide if the claim iz likely to be correct. You may assume that the
populations are normally distributed.

Solution:

Hyop=uy H: i =g
T=B86E 5l=5587]
% =41:625 wh=15625
,_ (5%5.5827)+(3x 1.5625)
L 6+4—2
critical value £(0.05) =186

critical region § =1.860
. (41.625-38.67)-0

2.I2I]87"\/l+l
& 4

Inn the critical region —reject H, there 15 evidence to suggest that the salmon are wild

=4075 so g, = 4075 =2.0187

=2.270
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Exercise D, Question 3

Question:

In order to check the effectiveness of three drugs against the E. coli bacillus,
15 cultures of the bacillus (5 for each of 3 different antibiotics) had discs scaked in the
antibiotics placed 1n their centre. The 15 cultures were left for a time and the area in

cm?® per microgram of drug where the E. coli was killed was measured. The results for
three different drugs are given belows:

Streptomycin 0210, 0.252, 0.251, 0.210, 0.256, 0.253

Tetracycline 0,123, 0.0%0, 0,123, 0.141, 0.142, 0.052

Erythromycin 0134, 0,120, 0,123, 0.210, 0,134, 0.124

a It was thought that Tetracycline and Erythromycin seemed equally as effective.
Aszsuming that the populations are normally distributed, test this at the 5%
significance level

b Streptomycin was thought to be more effective than either of the others. Treating
the other 2 as being a zingle sample of 12, test thiz assertion at the same level of
significance.

Solution:

a % =01185 &° =00005227
TIZ0H495 B 20001319
2 (5x0.0005227 )+(5x0.0011319)
T 6+6—2
Hy:w=p H:u#zp
critical value £, (0.025)=2228
critical region £ S—2228 and £ 22228

. (0.1425-0.1185)-0 —1445

Eﬁl.lll287"t‘?3\(l+l
& 6

=0.000827 50 5, = 0000827 = 002876

not in the critical region —accept Hy, there is evidence to suggest that Tetracycline

and Erythromyein are equally as effective

b % =02387, &®=0.0004959
% = 01305, s, =0.000%09
2 (11x0.000908 )+ (5% 0.000495% )
T 1246-2
Hy:pwo=p, Hyop, =,
critical value £, (0.05)=1"746

critical region ¢ =1 746

0.2387-0.1305)-0
z={ ) =775

D.E]27"9\,i+l
12 6

in the critical region —reject H, . There ig evidence to suggest that Streptomycin is

=0.000780, so 5, = 0000780 =0.0279

more effective than the others.
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Question:

To test whether a new version of a computer programiming language enabled faster
task completion, the same task was performed by 16 programmers, divided at random
into twe groups. The first group used the new version of the language, and the time for
task completion, in hours, for each programimer was as follows:

49 6.3 96 52 41 7240

The second group used the old version, and their times were summarised as follows:

gl Fhe= 01 0 B tee o

a State the null and alternative hypotheses,

b Perform an appropriate test at the 5% level of significance.

In order to compare like with like, experiments such as this are often performed using
the same individuals in the first and the second groups.

¢ (ive a reason why this strategy would not be appropriate in this case. [E]

Solution:

a Hy:ln = Mwes Hpifon = U

b %, =7.911 & =>5206

&

X, =59 s =398

TEmar

6% 3.98)+(8x5.206
s;:{ - TJ; ; )=4.6806 5o 5, = /46806 = 2.1635
+ (-

Crtical value £, =1.761

critical region £ =1.761

7.911-559)-0

( ) =1.84444

2.1635|fl+l
8 7

significant — there iz evidence to suggest that new language does improve time,
¢ Once task is solved the programmer should be quicker next time with either
language.

Test statistic £=

© Pearson Education Ltd 2C

file://C:\Users\Buba\kaz\ouba\s4 3 d 4.t 3/22/201.



Heinemann Solutionbank: Statistics 4 Pagel of 1

Solutionbank S4
Edexcel AS and A Level Modular Mathematics

Exercise D, Question 5

Question:

A company undertakes investigations to compare the fuel consumption, x, in miles per
gallon, of two different cars, the Volcera and the Spintono, with a view to purchasing

anumber as company cars,
For arandom sample of 12 Velceras the fuel consumption s summarised by

S V=384 and > P =12480.
A& statistician incorrectly combines the figures for the sample of 12 Volceras with
thoze of a random sample of 15 Zpintonoes, then carries out calculations as if they are
all one larger sample and obtains the results ¥ =34 and &° = 23.

a Show that, for the sample of 15 Spintonos, Zx= 534 and sz =19330,

Given that the variance of the fuel consumption for each make of car is o°

b obtain an unbiased estimate for o .
¢ Test, at the 5% level of signifance, whether there is a difference between the mean
fuel consumption of the two models of car. State vour hypothese and conclusion

clearly.
d State any further assumption vou made in order to be able to carry out vour test in

c.
e (ive two precautions which could be taken when undertaking an investigation into
the fuel consumption of two models of car to ensure that a fair comparizon 13 made.

[E]
Solution:

a  27x34-334=534=17%
5 Dy, 1B
27-1 27(27-1)
Ty =31 810
31810-12480 =19330= 3 x°
b %, =32 & =1745
X, =356, s°=22829
. (14x22.829)+(11x17.45)
¥ 12 ig

384 + 534 =918

= 20464

c Hyop=pn, H p #p
Critical value £, (0.025) = 2.060
Critical region £ =—2 060 and § = 2040
- (35.6-32)-0

— = =20547 —accept H; —no evidence to suggest difference in
-4.52-41’i+i
15 12

treans

d normality
e same types of driving, roads and weather
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Question:

It 15 claimed that completion of a shorthand course has increased the shorthand speeds
of the students.

a Ifthe suggestion that the mean speed of the students has not altered is to be tested,
write down suitable hypotheses for which 1 a two-tailed test is appropriate, and il a
one-tailed test iz appropriate.

The table below gives the shorthand speeds of students before and after the course.

Student A B C D E ¥
Speed hefore in words/minute 35 40 2R 45 30 32
Speed after 42 45 28 45 40 40

b Carry out a paired i-test, at the 5% significance level, to determine whether or not
there has been an increase in shorthand speeds.

Solution:

ail Hp u,=0H u,=0
o H, p,=0H: u,=0

b Dd=30 Dat=0238
d =5

o 2
slaaed 10 sujoe

g =4.185
Critical value £,(5%) =2.015
The critical region s £ > 2.015
.

4185

5

= 2919
In the critical region —reject H, .

There 15 evidence to suggest that there has been an increase in shorthand speed
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Exercise E, Question 2

Question:

A large number of students took two General Studies papers that were supposed to be

of equal difficulty. The results for 10 students chosen at random are shown below:

Candidate A B C D E F G H I J
Paper 1 18 25 40 10 33 20 25 35 18 43
Paper 2 20 27 39 12 40 23 20 35 20 41

The teacher looked at the marks of a random sample of 10 students, and decided that

paper 2 was easier than paper 1.

Given that the marks on each paper are normally distribute d, carry out an appropriate

test, at the 1% lewel of significance.

Solution:

Hy: o =0H =0

Za!’ =3 Za!’g =359
d =05
E 2
Shi= —59 ) =6.278
g = 200555
Critical value £{1%) = 2.821

The critical region iz § = 2,821,
_05-0
250335

:hCI

= D31

3

Mot in the critical region. Do net reject H,

There 1z insufficient evidence to suggest that paper 2 12 easier than paper 1

so the teacher 15 not correct.
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Question:

It is claimed by the manufacturer that by chewing a special flavoured chewing gum
stnolkers are able to reduce their craving for cigarettes, and thus cut dewn on the
number of cigarettes smolked per day. In a trial of the gum on arandom selection of
10 people the no-gum smoking rate and the smoking rate when chewing the gum were
investigated, with the following results:

Person A B C D E G H 1 J
Without gum 20 a5 40 a2 45 15 22 a0 34 40
smoking rate
cigs./day

With gum 15 25 35 a0 45 15 14 25 28 34
smoking rate
cigs./day

a Tse apaired t-test at the 5% significance lewel to test the manufacturer’s claim.
b State any assumptions you have had to make.

Solution:

a Hy:pp,=0H,:u, =0

Yd =47 dd*=315
d =47
E 2
&= w=m_455
g=3234
Critical value £(5%) =1.833
The critical region is ¢ = 1.833
_47-0
- 3234
:hU
= 459
Inn the critical region. Eeject Hy .

i

There iz evidence to suggest that chewing the gum dees reduce the craving for
cigarettes,

b The differences are normally distributed

© Pearson Education Ltd 2C
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Exercise E, Question 4

Question:

The council of Somewhere town are going to put a new traffic management scheme
into operation in the hope that it will make travel to worle in the mornings quicker for
most people. Before the scheme ie put into operation, 10 randomly zelected workers

are asked to record the titme it takes them to come into wotl on a Wednesday morning,

Lfter the scheme iz put into place, the zame 10 wotkers are again asked to record the
time it takes them to come into work on a particular Wednesday morning.
The times 1n minutes are shown in the table below:

Worker | A B C D E F G H I J
Before 23 27 53 42 39 &0 54 25 46 38
After 13 25 449 42 34 48 52 74 27 37

Test, at the 3% significance level, whether or notthe journey time to wotk has

decreased.

Solution:

Hy: =0, Hi:p, =0
Nd=46 Yd'=336
d=46
_ 2
= el L 13 8292
s=37178
Critical value 4 (5%) =1.833
The critical region iz £ = 1,833
_ 46=0
- 37178
:||' 0
= 391z
Itn the critical region. Reject Hy .

i

There 15 evidence to suggest that the journey times have decreased.
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Question:

A teacher 13 anmious to test the 1dea that students' reaults in mock examinations are
good predictors for their results in actual examinations. He selects B students at
random from thoze doing a mock Statistics examination and records their markes out of
100, later he collects the same students' marks in the actual examination. The resulting
matkes are az follows:

Student A B C D E F G H
Mock examination | 35 3] 70 a1 45 el TE 38
mark

Actual 45 T a1 236 53 71 68 46
exalpnation

a Jze apaired {-test to investigate whether or not the mock examination 15 a good
predictor. (Use a 10% significance lewvel)
b State any assumnptions you have made.

Solution:

a Hy:pup =0Hip, =0
Yd=20 Yd*=604
=8
E 2
2 S0l _meiisg
s =3.8%6
Crtical value £,(5%) =1.895
The critical regions are £ = —1.895 and £ > 1.8%5.
_ 250
~ B.8%%
;.-'8
= 0795

Mot in the critical region. De not reject Hy .

i

The mock examination 15 a good predictor.
b The differences are normally distributed
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Question:

The manager of a dress-making company took a random sample of 10 of his
employees and recorded the number of dresses made by each. He dizcovered that the
number of dresses made between 200 and 5.00 p.m. was fewer than the same
employees achieved between 2.00 and 11.00 a.m. He wondered if a tea breal: from
2.45=3100 p.m would increase productivity during these last two hours of the day.
The number of dreszses made by these workers in the last two hours of the day before
and after the introduction of the tea break were asz shown below.

Worker | A B C D E F G H I J
Before 75 L 75 51 74 73 77 75 75 72
After a0 54 79 54 85 54 78 7B a0 83

a Why was the comparizon made for the same ten worlers?

b Conduct, at the 5% lewvel of significance, a patred é-test to see 1f the introduction of

atea break has increased production between 2.00 and 5.00 p.m.

Solution:

a Different people will have different productivity rates. Need a commeon link if want

to compare before and after. This reduces experimental error due to differences
between individuals so that, if a difference does exist, it iz more likely to be
detected.

b Hy:u, =0H,: p, =0
Nd=65 Yd'=569
d =65
S 569-10(6.5) _siam
g =4.0346
Crtical value £,(5%) =1.833
The critical region is £ > 1.833
_ 6.5-=0
4.0346
o

= 5095
It the critical region. Eeject Hy .

i

There 13 evidence to suggest a tea break increases the number of garments made.
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Exercise E, Question 7

Question:

A drug administered in tablet form to help people sleep and a placebo was given for
two weeks to arandom sample of eight patients in a clinic. The drug and the placebo
were given in randotn order for one week each The average numbers of hours sleep
that each patient had per night with the drug and with the placebo are given in the
table below.

Patient 1 2 3 4 5 G 7 8
Hours of sleep

g : 10.5 &7 5.9 &7 9.2 0.9 11.9 76
with drug
Hours of sleep
with placehbo

103 £.5 8.0 5.3 8.7 75 8.3 12

Test, at the 1% lewvel of significance, whether or not the drug increases the mean
number of hours sleep per night. State yvour hypotheses clearly. [E]

Solution:

Hyopp =0H, =0
Sd =86 Yd*=2073
d =1075
S 20.78-8(1.075)°

=1.64756

s =12837
Crtical value £,(1%)=2.995

The critical region iz § > 2,298
10750
© 12837

58
= 23636
Mot in the critical region. Do net reject H,.

There 1z no evidence to suggest that the drug increases the mean number of hours
sleep per night
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Question:
The random variable X has an F-distribution with 5 and 10 degrees of freedom. Find
values of @ and & such that Pla < X < &) =050 [E]

Solution:

P(F, 2333)=005=5=333

y { 1
P(F . .2474)=005=P| £, =— |=005
s ) AT

a=021104s.£)

© Pearson Education Ltd 2C
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Exercise F, Question 2

Question:

A chemist has developed a fuel additive and claims that it reduces the fuel

consumption of cars. To test this claim, & randomly selected cars were each filled with
20 litres of fuel and driven around a race circuit. Each car was tested twice, once with

the additive and once without. The distance, in miles, that each car travelled before
tunning out of fuel are given in the table below,

Car 1 2 3 4 3 6 7 3
Distamcs it oyt 163 | 172 | 195 | 170 | 183 | 185 | 161 | 17
additive

Distance with additive 168 185 187 172 180 189 172 175

Azsuming that the distances travelled follow a normal distribution and stating your
hypotheses clearly test, at the 10% lewvel of significance, whether or not there 1z
evidence to support the chemist's claim. [E]

Solution:

@513, -8,2,-3,4,11,-1
(Ed=23,Zd° =409) 4 =2875, sd=6.9987(=7.00)
Hy:pu,=0H,: p,=0
(28750
C O 6.9987
;8
Critical value £ (10%) =1.415 (1 tail)
Critical region is £ > 1415

Mot significant
Tnsufficient evidence to supportt the chemist's claim

=1.1618...(=1.16)
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Exercise F, Question 3

Question:

The standard dewiation ofthe length of a random sample of 8 fence posts produced by
a timber vard was 8 mm. & second timber yvard produced arandom sample of 13 fence
posts with a standard deviation of 14 mm.

a Test, at the 10% zignificance level, whether or not there is evidence that the lengths
of fence posts produced by thesze timmber yvards differ in variability. State your
hypotheses clearly.

b State an assumption you have made in order to carry out the test in part a. [F]

Solution:

S (R | S5 SR S,
a Hy:of =03, H a7 # 0

2 2 / 2 3
14 (8 |
i 3.0625 | or g = 0.32653....

7 T
5 8

i ( . 1 \
Crtical value 5,; = 3.57 | Critical value : &, =35 0.28011

Since 3.0625 15 not in the critical region there iz insufficient evidence to reject H, .

There 1z insufficient evidence of a difference in the variances of the lengths of the
fenice posts.

b The distribution of the population of lengths of fence posts i3 normally distributed.
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Question:

A fartner set up a trial to assess the effect of two different diets on the increase in the

weight of his lambs. He randomly selected 20 lambs. Ten of the lamb s were given diet

A and the other 10 lamb s were given diet B The gain in weight, in kg, of each lamb

over the period of the trial was recorded.

a State why a paired f-test iz not suitable for use with these data

b Suggest an alternative method for selecting the sample which would make the use
of a patred f-test walid

¢ Suggest two other factors that the farmer might consider when selecting the sample.

The following paired data were collected.

Diet A 5 & 7 4.6 £.1 5.7 6.2 7.4 5 3
Diet B 7 7.2 B £.4 5.1 7.9 8.2 6.2 6.1 5.8

d Tsing a paired é-test at the 5% significance level, test whether or not there 1z

evidence of a difference in the weight gained by the lambs using diet 4 compared
with those using diet B,

e State, giving areason, which diet vou would recommend the farmer to use for his
lambs, [E]

Solution:

a The data were not collected in pairs,

b Usze data from twin lambs,

¢ Age, weight, gender

d 4=5-4
d:212118-1,222-1211238
5d=11.9, Zd*=3001
SR b o i M E P
Ho:pp=0H:u,=0

_11%-0

N

10
=9 critical value: f=2.262
since 2.8357 .00 ig in the critical region (£ > 2.262) there iz evidence to reject H .

The {mean) weight gained by the lambs 15 different for each diet.
e DietB - it has the higher mean

H =2.83574..
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Exercise F, Question 5

Question:

A medical student 15 investigating two methods of taking a person's blood pressure. He
takes a random sample of 10 people and measures their blood pressure using an arm
cuft and a finger monitor. The table below shows the blood pressure for each person,
measured by each method.

Ferson A B o n F F L H I J
i 140 | 110 | 138 | 127 | 142 | 112 | 122 | 128 | 132 | 160
enff

Finger 15 | o112 | 156 | 152 | 142 | 104 | 126 | 132 | 144 | 180
monitol

a [Jse apaired {-test to determine, atthe 10% level of significance, whether or not
there 1z a difference in the mean blood pressure measured using the two methods.
state your hypotheses clearly.

b State an assumption about the underlying distribution of measured blood pressure
required for this test. [E]

Solution:

a d:14 218 250 -54 41220

(Qd =91, Yx'=1789)
d=91 s=.f1067=10332.
Hy:py=0 Hppyz0
_(91-0)
10.332

J1o
Critical value £ =+1.833
critical regions: § =—1.83% or £ 21,833
significant. There 13 a difference between blnod pressure measured by arm cufft
and finger monitor.

= 2785

b The difference in measurements of blood pressure 15 normally distributed
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Exercise F, Question 6

Question:

The lengths, x mm, of the forewings of a random sample of male and female adult

butterflies are measured. The following statistics are obtained from the data.

Number of Sample mean X Niad

butterflies ik
Females 7 5006 17 956.5
Ilales 10 532 283351

Pagel of 1

a Assuming the lengths of the forewings are normally distributed, test, at the 10%
lewvel of significance, whether or not the variances of the two distributions are the
same. =tate your hypotheses clearly.

b Stating your hypotheses clearly test, at the 3% level of significance, whether the
mean length of the forewings of the female butterflies is less than the mean length
of the forewings of the male butterflies. [E]

Solution:

gl e L TR
a Hyo%p=0", Hj:opzay

(17 956.5— 7% 50.6%) = % =5.66333....

o= o]

2
5 F

T
Sy =

(28335.1-10%53.2%) =£; —3.63333....

2

SE—F = 1.5587.. (Feciprocal 0.6415)

el

E o =3.37(or0.297)
Mot in critical region. There i3 no reason to doubt the varignces of the two
distributions are the same

Hyrup =1y Hy by < Uiy
Pesli st 6x5.66333. +Fx3.63333
15
= 444533
g =211
. 50.6-532 _ 55

21 l+l
710
Critical value t,,(3%)=-1753

so critical region £ =—1.753

Zignificant. The mean length of the fermale = forewing iz less than the length of the
male’s forewing
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Question:

The weights, in grams, of mice are normally distributed. A biclogist takes a random
sample of 10 mice. She weighs each mouse and records its weight.

The ten mice are then fed on a special diet. They are weighted again after two weeks.
Their weights in grames are as follows:

Mouse A B o D E F G H I J
Weight 00 | 483 | 475 | 340 | 389 | 427 | 501 | 468 | 403 | 41.2
hefore diet

Weight 521 | 476 | 501 523 | 422 | 443 | 518 | 430 | 419 | 436
after diet

Stating your hypotheses clearly, and using a 1% level of significance, test whether or
fiot the diet causes an increase in the mean weight of the mice. [E]

Solution:

Differences 21 —07 26 =17 3316 17 1216 24

Sd=141 Yd*=4065 d=141
Hy py=0 Hyipg=0

s o 2
2\/40.65 sl . e
|' 1.51%. .. '|
Jio

(1%) = 2.821
so critical region £ > 2821

2,935 = 2821 Evidence to reject Hy .

There has been an increase in the mean weight of the mice.
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Exercise F, Question 8

Question:

A hospital department installed a new, more sophisticated piece of equipment to
replace an ageing one in the hope that it would speed up the treatment of patients. The
treatment times of random samples of patients during the last week of operation of the
old equipment and during the first week of operation of the new equipment were
recorded. The summary results, in minutes, were:

n Zx sz
Old equiprent 10 225 21363
New equipment 9 234 &200.0

a Show that the values of &° for the old and new equipment are 8.2 and 14.5
respectively.

stating clearly your hypotheses, test

b whether the variance of the times using the new equipment 15 greater than the
variance of the times using the old equipment, using a 2% significance level,

¢ whether there 15 a difference between the mean timmes for treatment using the new
equipment and old equipment, using a 2% sigmificance level

d Find 93% confidence limits for the mean difference in treatment times between the
new and old equipment.

Even if the new equipment would eventually lead to a reduction in treatment times, it

might be that to begin with treatment times using the new equipment would be higher

than those using the old equipment.

e (ive one reason why this might be so.

f Suggest how the comparison between the old and new equipment could be
improved. [E]

Solution:

file://C:\Users\Buba\kaz\ouba\s4 3 f 8.F

Pagel of 2

3/22/201.



Heinemann Solutionbank: Statistics 4

201363 (225" ;.
< 9 10(10-1
. _ 6200 (234)° _
g 9m-1)

7 H of<a,

.
b Hy:0,°=0,

Critical value 15 Fy, =323

a

14.5

]

so critical region, F =323

14.5
Rui= . SIieR

not in critical region

accept F,—there is evidence to suggest that o, =g ?

,  (9xB2)+(8x14.5)
IS' o rmes

¢ 5 =11.1647
10+9—2
Hy:wg=n, Hyp, =4,

critical value £,(0.01) = 2567
critical region { =—2.567 and ¢ =2 567

26—-22.5)-0
t= { ) =2.279%

\311.164?\[%+%

Motin the critical region — do notreject Hy .

There iz evidence to suggest that there 15 no difference in mean times between the

old and new equiptment.

d £,(2.5%) = 2.110

(2622502211011, 1647 = %+% =35%3.23%4

= (0.261,6.739)

e DIMeedto learn how to use new equipment efficiently

f Gather data on new equipment after it has been mastered
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Review Exercise 1
Exercise A, Question 1

Question:

Historical records from a large colony of squirrels show that the weight of squirrels 13
normally distributed with a mean of 1012 g Following a change in the diet of
squitrels, a biologist is interested in whether or not the mean weight has changed.

A random sample of 14 squirrels 1z weighed and their weights x, in gratmnes, recorded.
The results are summarized as follows:

S oa=13700, 3 %' =13448750.

stating vour hypotheses clearly test, at the 2% level of significance, whether or not
there haz been a change in the mean weight of the squirrels, [E]

Solution:

H,: x=1012 H: #1012

7=270 o857 )
14
—2
o o BHBTN-UE o)
13
_F-u_9786-1012 _
s == 2.19...
n V14

£ (5%) two-tall critical walue=—2 160

significant result — there is evidence of a change in mean weight of squirrels
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Review Exercise 1
Exercise A, Question 2

Question:

A random sample X, X, ... Xy 15 taken from a pepulation with mean g and

variance o- .
a Determine the bias, if any, of each of the following estimators of .

_ A+ E X
g = BT 775
3
8 = XID_Xl,
3
o L T tX,
L =
&

b Find the variance of each of these estimators.
¢ State, giving reasons, which of these three estimators for 4 1s
1 the best estimator,
ii the worst estimator. [E]

Solution:

a E(8) = E (':X3) +E':;Y4:' +E':X5:')=%= 4 Bias=0

E(Xw)_E(Xl)zl

E(g) = ; 3(,:1—;4)=0 Bias=—u
E(8) = 3E (X1)+2E§Xz)+E (Xm): 3,“"‘?6;5-“"#‘:;{ Bias =0
1 a
b Har(ﬂl)=§(oj+oj+oj)=?
1 2at
var(agj=§(aﬁ+aﬁ)=T
1 _l4gt a
?M(%)—%[903+402+02]—¥—ﬁ

¢ Dontuse & asitis biased.

Var(d) = §=%
Var(8) = %

1 Socheose 8 ag it is unbiased and has the smallest variance, to be the best
estimator
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Review Exercise 1
Exercise A, Question 3

Question:

A random sample of 10 mustard plants had the following heights, in millimetres, after
4 days growth.

50,4548, 52,43 51,52,4%9,51,50
Those grown previously had a mean height of 5.1 mm after 4 days. Using a 2.5%
significance level, test whether or not the mean height of theze plants 1z less than that
of those grown previously,

(You may assume that the height of mustard plants after 4days follows a nortal
distribution [F]

Solution:

M, p=51H,:u<51

p==4
Critical Eegion & < -2 262
¥ =491
2
. 241 89 -10x(4 913 — 0.0899
b
s =0.300
491-351

Jio

There 12 no evidence to suggest that the mean height iz less than those grown
previously
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Review Exercise 1
Exercise A, Question 4

Question:

A mechanic 15 required to change car tyres. An inspector timed a random sample of 20
tyre changes and calculated the unbiased estimate of the population variance to be

6.25 minutes® . Test, at the 5% significance level, whether or not the standard

deviation of the population of times taken by the mechanic 15 grater than 2 minutes.
state vour hypotheses clearly.

[E]
Solution:

Hy:o'=4H: o =4
v =19, X5(0.05)=30.144

o ]
(2-1)S* _19%6.25 _ 0 oo
o 4

since 29.6875 =30.144 there 15 insufficient evidence to reject Hy,

There is insufficient evidence to suggest that the standard deviation iz greater than 2.
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Exercise A, Question 5

Question:

The value of orders, in £, made to a firm over the internet has distribution MN{p, o).
A random sample of # orders iz taken and ¥ denotes the sample mean,

a Write down the mean and variance of ¥ in terms of 4 and o°.

A second sample of m orders is taken and ¥ denctes the mean of this sample.

nZ +m?

Anestitnator of the population mean iz given by 7 =
ntm

b Shew that 07 iz an unbiased estimator for 4
2

¢ Show that the variance of 07 13
o

d State which of X or U is a better estimator for g . Give areason for your answer.

[E]
Solution:
a E(X)=u
Var() =var[X1+X2+X3+""+X"] il
b b
1 _ _
b E{lN= E | X |+mE|Y
W) = —— (4B (X ) +mE (7))
1
= [;z,.:{+m,u)
n+m
= g= Uiz unbiased
&
Var|¥|=—
C ar() —
nz?arllf)+m2?ar[}_’]
War(ll) = -
(12 +m2)
M2—+m2£
— H M
[?z+m]2
_ndtmad
[m+m]2
_ a
H+m
)z.?+m}7. : : : :
d —— 15 a better estimate since wvariance 15 smaller.
n+m
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Review Exercise 1
Exercise A, Question 6

Question:

A machine i3 set to fill bags with flour such that the mean weight 15 1010 grams. To

check that the machine 15 working properly, a random sample of 8 bags 15 selected.
The weight of flour, in grams, in each bag 15 as follows.

1010 1015 1005 1000 293 1008 1012 1007
Carry out a suitable test, at the 2% significance lewel, to test whether or not the mean

weight of flour in the bags 15 less than 1010 grams. (YTou may assume that the weight
of flour delivered by the machine iz normally distributed.)

Solution:

Let x represent weight of flour
Zx =3055 T =1006875

2
>t =8110 611 32=%{8 110 611—8025 }=33.26T85_..

L8 =5767825
H,: 4=1010;H,: £<1010

critical value: § =—1.8%3 so critical region £ <—1.8%95

_ (1006.875-1010)

[5.1%?8]

since —1.53 15 not in the critical region there 12 insufficient evidence to reject H,
The mean weight of flour delivered by the machine 15 1010g

=-1.5324

© Pearson Education Ltd 2C
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Review Exercise 1
Exercise A, Question 7

Question:

A train company claims that the probability p of one of its trains arriving late 15 10%4
A regular traveler on the company’ s trains believes that the probability 1z greater than
10% and decides to test this by randomly selecting 12 trains and recording the
number, X, of trains that were late. The traveller sets up the hypotheses Hy p =011

and H,: p > 0.1 and accepts the null hypothesisif 1 <2
a Find the size of the test,
b Show that the power function of the test is 1—(1— )" (1+10p +55p%).
¢ Calculate the power of the test when
1 p=02
i p=06%

d Comment on yvour results from part . [E]

Solution:

a 1-0.8891=0.1109
b 1-(P(0)+P(1)+P(2))
=1-{(1-p)" +12p(1- p)"' +66p°(1- 2)™)
=1-(1-p)°((1- py* +12p(1- p)+66p7)
=1-(1-p*[1-2p+p* +12p-127" +66p" |
=1-(1- p)"*(1+10p +55p%)
¢ 1-0.5583=0.442

1-0.00281= 0.997

d The test 1z more discriminating (powerful) for the larger value of p.

© Pearson Education Ltd 2C
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Exercise A, Question 8

Question:

Pagel of 1

Tt 1z suggested that a Poisson distribution with parameter A can model the number of
curtants in a currant bun. 4 randoem bun 13 selected in order to test the hypotheses

H,:1=8 against H;: 1 =8, using a 10% level of significance.

a Find the critical region for this test, such that the probability in each tail 15 as close

as possible to 5%,

b Given that =10, find
i the probability of a type I error,
ii the power of the test.

Solution:

a PX=c)=2005PX=3|1=8)=00424=X=3
P(Xze)=005P(X214|A=8) =0.0342
PXz213|A=8)=00638= X 213
©ocorttical region iz {X =310 (X 213}

b i PA=X=12|A=10)=P(¥ =12)-P(X =3)
= 0.7916- 0.0103

=07813
i Power=1-07813=02187

© Pearson Education Ltd 2C
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Review Exercise 1
Exercise A, Question 9

Question:

The length ¥ mm of a spring made by a machine is normally distributed M, o).
A random sample of 20 springs 13 selected and their lengths measured in millimetres.
Using this sample, the unbiased estimates of 4 and o are T=1006 & =15

stating yvour hypotheses clearly test, at the 10% level of significance,
a whether or not the variance of the lengths of springs iz different from 0.9,
b whether or not the mean length of the springs iz greater than 100 mm. [E]

Solution:

a Hyo'=09% H o058
v=1%
CE (Lower tail 10.117)

TTeper tail 30,144

15x1.5

Test statistic= =31.6666 , significant

There 13 sufficient evidence that the variance of the length of spring 15 different
Jrom 0.0

b Hy: g=100 H;: u=100
t, = 1.3251s the critical value
T 1006 =100
15

20
cignificant. The mean length of spring 15 greaier than 100

=219

© Pearson Education Ltd 2C

file://C:\Users\Buba\kaz\ouba\s4 revl a 9.| 3/22/201.



Heinemann Solutionbank: Statistics 4 Pagel of 1

Solutionbank S4

Edexcel AS and A Level Modular Mathematics

Review Exercise 1
Exercise A, Question 10

Question:

A town council 15 concerned that the mean price of renting two bedroom flats in the
town has exceeded £650 per month. A random sample of eight two bedroom flats gave
the following results, £x, per month

T05, &40, 560, 680, 800, 620, 580, 760

[Tou may assume » x=5345, > %' =3621025 ]

a Find a 90% confidence interval for the mean price of renting a two bedroom flat.
b State an assumption that 15 required for the validity of vour interval in part a.

¢ Comment o whether or not the town council is justified in being concerned.
Crive a reason for your answer, [E]

Solution:

a ¥ =668.125 £=84425
£,(5%) = 1.895

Confidence limits = 665, IZSiM =611.6 and 7247

N

Confidence interval = (612,723}

b Mormal distribution

¢ E650 iz within the confidence interval Mo need to worry.

© Pearson Education Ltd 2C
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Exercise A, Question 11

Question:

A technician is trying to estimate the area 4° of a metal square. The independent

random variables X and X, are each distributed My, o) and represent two

measurerments of the sides of the square. Two estimators of the area, 4 and 4, are
a+%T

2

[Tou may assume that if &) and X, are independent random variables then

E(AA) =EADEL,)]

proposed where 4 = XX, and 4 =[

2
a Find E(4) and show that E(4) = e +%.

b Find the bias of each of these estimators.
immmmmmnmmmmmvmmg=f4ag%ﬂmdvmmgzéf+2ﬁf.

The technician decided to use 4 as the estimator for u*.

¢ Suggest a possible reason for this decision

A statistician suggests taking a random sample of # measurements of sides of the
2

square and finding the mean X . He knows that E(X¥?) = u* +g—
#

3 St s
ad Var(F =22 4274
# #
d Ezplain whether or not X2 is a consistent estimator of u*. [F]
Solution:
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a E(A)=E(XDE(Y,)= e

4=X"%~ N[m% CB(E=B4) = +§

alternative for A,

E(4)=E [#”

BeEpysd +X§}
4

- 2 2
o ES +E[ﬁ}rg A3
4 5 4

=SB () +SE0)+E(2))

but Var(X)=E(X%) - 1
so e+ VarX =E(X)
CE(X) =g +0? and E(X2) =+ &

SE(4)= %[’Hg +c:13)+%,.u2 +%(#2+03)

.
o
g . o bl
b A4 iz unbiased, bias for 4, is -
¢ Wszed A since it 15 unbiased

d E(FYH =74 +i-, as n — o0, E(X%) — 4*
X

4 2
Var( X1 = 2;‘:+4"2“ a5 —>00, Var( X3 =0
M

X? is a consistent estimator of £

© Pearson Education Ltd 2C
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Exercise A, Question 12

Question:

A random sample of 15 tomatoes 15 taken and the weight x grams of each tomato 15
tound. The results are summarized by E x =208 and E Xt = 2962
a Assuming that the weights of the tomatoes are normally distributed, calculate the

90% confidence interval for the variance o° of the weights of the tomatoes.
b State, with areason, whether or not the confidence interval suppotts the assertion

gt =3 [E]

Solution:

2
2962—15><[%}
a &= =555
14
14x5.55{02{14><5.55
23.685 6.571
32808 <1183

h Since 9 lies in the interwal, yes, it supports the assertion

© Pearson Education Ltd 2C
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Review Exercise 1
Exercise A, Question 13

Question:

a Define

1 atype Lerror,

i atype I error,
A zmall aviary, that leaves the eggs with the parent birds, rears chicks at an average
rate of 5 per year. In order to increase the number of chicks reared per vear it is
decided to remove the eggs from the aviary as soon as they are laid and put them in an

incubator. At the end of the first year of using an incubator 7 chicks had been
successfully reared.

b Assuming that the number of chicks reared per yvear follows a Potsson distribution
test, at the 5% significance level, whether or not there 13 evidence of an increase in
the number of chicks reared per year. State vour hypotheses clearly.

¢ Calculate the probability of the type I error for this test.

d Given that the true average nutnber of chicks reared per year when the eggs are
hatched in an incubater 12 B, calculate the probability of a type IT error. [E]

Solution:

a TypeI—H, rejected when 1t 15 true
Type [I—H, iz accepted when it 15 false
b Hi:A=53H;:A=3
P27 A=5)=1-07622=0.2375> 0.05

Mo evidence of an increase in the number of chicks reared per vear,
c P(Xze|A=5)=005
FY=9=00681,P(X=100=00318 =10
DiTypel Error) =00318
d 1=8
PlX=8|A=E=071&6

© Pearson Education Ltd 2C
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Exercise A, Question 14

Question:

a E=xplain briefly what yvou understand by

1 an unbiased estimator,

i aconsistent estimator

of an unknown population parameter &
From a binomial population, in which the proportion of successes 15 p, 3 samples of
size # are taken The number of successes X, X, and X, are recorded and used to

estimate p.
b Determine the bias, if any, of each of the following estimators of p.
5 = A +A+A
1 . :
. A3 +A
P = —
m
o 2E 33X+ X,
B S
fin

¢ Find the variance of each of these estimators.
d State, giving areason, which of the three estimators for p 1s
i the best estimator,

i the worst estimator, [E]
Solution:
ai E@=¢

i E(@=80rE(8 =8
and Var(S‘A) — 0 as ® —> o0 where # 15 the sample size
h E{p)=p, Biaz=10
N op . 1
E =—, Bias=—-——
(7, 5 6?—’

E(f.)=p, ~Bias=0
1

¢ Var(p) = Q{npqﬂpq +npg}
I 36n
Var(py) = - (npg +9pg +rpg) = 24
Pa) = o (apg +9npq +apg) = — ~
3 1 Tpg  1pg
War = ——{dnpg +%pg +tupgl = —or
(B5) 36}32{ Ralma gl S et

d i _'f:l s unbiased and smallest wariance

i #,; biased

© Pearson Education Ltd 2C
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Review Exercise 1
Exercise A, Question 15

Question:

Define

a atvpe lerror,

b the size of atest

Jane claitns that she can read Alan’s mind. To test this claitn Alan randomly chooses a
card with one of 4 symbols on it He then concentrates on the symbol Jane then
atternpts to read &Alan’s mind by stating what symbol she thinks is on the card The
experiment 15 carried out 8 times and the number of times, X, that Jane is correct is
recorded.

The probability of Jane stating the correct symbol 15 dencted by p.

To test the hypothesis Hy: p=0.25 against H,: p =025, acriticalregion of X = 6

15 used.
¢ Find the size of this test.

d Show that the power function of this test is 8p —7p%.
Given that p =0.3, calculate

e the power of this test,
f the probability of a type 1T error.
g Suggest two ways in which you might reduce the probabality of a type IT error.  [E]

Solution:

a A Type Lerror ocours when Hy 1s rejected when it 15 in Fact true,

b The size of a test 1z the probability of a type L error.

¢ X ~B(3.025
Size =P(X = 6) =1-P(X =6|xn=8,p =0.25)
=1-0.9996=00004
d FPower=PX=6|p=p.n=18)
=P<X=?)+P(X=8)=%p?(1—p>+p3
=8p? _Bps +p3=8p'?_?p3

e Power =8x03 -7x0F

=0.00129
f Power =1-F{Type I}
L PB(Typell) = 1—power
=1-00012%9
= (1 9987

g Increase the probability of a Type Lerror, e.g. increase the significance level of the
test. Increase the walue of Po

© Pearson Education Ltd 2C

file://C:\Users\Buba\kaz\ouba\s4 revl a 15. 3/22/201.



Heinemann Solutionbank: Statistics 4

Solutionbank S4

Edexcel AS and A Level Modular Mathematics

Review Exercise 1
Exercise A, Question 16

Question:

Eolls of cloth delivered to a factory contain defects at an average rate of A per metre.
A gquality assurance manager selects a random sample of 15 metres of cloth from sach
delivery to test whether or not there 13 evidence that 4 > 0.3 The criterion that the
tnanager uses for rejecting the hypothesis that 1 =103 iz that there are 9 or more
defects in the sample.

a Find the size of the test.

Table 1 gives some walues, to 2 decimal places, of the power function of this test

A 0.4 0.5 0& 0.7 0.8 (] 1.0
Power | 0.15 | 0.34 r 072 | 085 | 0.92 | 086
Table 1

h Find the value of »

The manager would like to design a test, of whether or not A > 0.3, that uszes a smaller

length of cloth. He chooses a length of 10 m and requires the probability of atype I

etror to be less than 10%.

¢ Find the criterion to reject the hypothesis that 3 = 0.3 which malkes the test as
powerful as possible,

d Hence state the size of this second test.

Table 2 gives some values, to 2 decimal places, of the power function for the test in
patrt c.

A 0.4 0.5 0.6 07 0.8 09 1.0
Power | 0.21 038 .55 0.70 5 0.88 093
Table 2

e Find the value of s

f Using the zame axzes, on graph paper draw the graphs of the power functions of
these two tests.

g i State the walue of A where the graphs cross.
ii Explain the signhificance of 4 being greater than this value

The cost of wrongly rejecting a delivery of cloth with =03 is low. Deliveries of

cloth with 1 > 07 are unusual

h Suggest, giving your reasons, which the test manager should adopt. [E]

Solution:
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a A, =no of defectsinldm X ~TFold3)
Size =P(X, 2 9 =1-09597=0.0403

b r=P(X, 29| X, ~Po(9))=1-04557 =0.54(43)

¢ IT=MNoef defectsinl0m ¥ ~Pol3)
Plze)=010 I=z6

d Size=P(F,=6)=1-P(¥, =5)=1-0.9161= 0.0839

e #=1-P(F, =5=1-01912=08058

|

(LK

Ly -

y A
o2 f]

o

Pamaver

3y 04 05 G 07 08 09 |

g 1 062t 067
i Test] more powerful

h Test2 Has a higher P(Type I error) but cost of'this 13 low.
Test 2 15 more powerful for A =07 and A > 0.7 15 rare.

Adopt test 2

© Pearson Education Ltd 2C
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Review Exercise 1
Exercise A, Question 17

Question:

The number of tornadoes per year to hit a particular town follows a Poisson
distribution with mean 4 A weatherman claims that due to climate changes the mean
number of tornadoes per year has decreased. He records the number of tornadees x to
hit the town last vear.

To test the hypotheses Hy: A=7 and H,: 4 <7, acritical region of x =5 1z used.

a Find, interms A the power function of this test.
b Find the size of this test.

¢ Find the probability of a type IT error when 1 =4 [E]

Solution:

a Power=P(X53 ,%=3)

-1 72 -1 93
S & + 5 4
6
E—.J
:?(6+6,1+3/12+,13)
b CRis X =3
Size=P(X¥ =3 1=7)
=0.0818

¢ PiTypelerror) =1-power
-4
= ]—%(6+6><4+3><42 +47)
= [.5665.
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Review Exercise 1
Exercise A, Question 18

Question:

A nutritionist studied the levels of cholestersl, ¥ mgicm® | of male students at a large
college. She assumed that ¥ was distributed N(u, o°) and examined a random sample

of 25 male students. Using this sample she obtained unbiased estimates of y and o?

as
A=168 §*=179

a Find a 95% confidence interval for .

b Obtain a 95% confidence interval for o
A cholesterol reading of more than 2.5 mgfom® is regarded as high

¢ Tse appropriate confidence limits from parts a and b to find the lowest estimate of
the proportion of male students in the college with high cholesterol [E]

Solution:

a 953% confidence interval for & is

170 179
1.68+1,,(2.5%) 'E =168£2.064, [~ =(113,2.23)

b %5% confidence interval for & is

12401 < Eiabei LA 39,364

a
a* = 1.09,a* <346

. confidence interval on ¢ is (1.09, 3.46)

20—

¢ Eequire P(X > 2.5) =P(Z = J to be as small as possible OR

= to be as large as possible; both imnply lowest a and w
a

25-1.13

— =131
f1.08

P(Z2=131)=1-09%04%=0.05%51

© Pearson Education Ltd 2C
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Exercise A, Question 19

Question:

A random sample of three independent variables X, X, and X, 1staken from a

distribution with mean g and variance o° .
a Show that %Xl—%}fg +§X3 15 an unbiased estimator for 4.

An unbiased estimator for @ 15 givenby i =aX| +45, where a and & are constants.
b Show that Var(d) = (2a’ — 2a + 1)o* .

¢ Hence determine the value of @ and the value of & for which 1 haz minimum
variatce. [E]

Solution:

a E(%Xl—%}f2+§}f3]=§y—%y+§,{;=y
E{f) = i = unbiased
b EfaX,+bX) =au+bu=u
at+d =1
Var(ak, +bX,) = a*c” +6 o
=g*a +(1-a) o
= (2a* - 2a+1a’

¢ Minimum value when (da—2)a” = 0(from differentiation)
=dg-2=1
1

1
a=—b=—
272

© Pearson Education Ltd 2C
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Exercise A, Question 20

Question:

A supervisor wishes to check the typing speed of a new typist. On 10 randomly
selected occasions, the supervisor records the time taken for the new typist to type 100
words. The results, in seconds, are given below.
110 125 130 126 128 127 118
120 122 125
The supervisor assumes that the time taken to type 100 words iz normally distributed.
a Calculate a 35% confidence interval for
i the mean,
ii the variance
of the population of times taken by this typist to type 100 words.
The supervisor requires the average time needed to type 100 words to be no more than
130 seconds and the standard deviation to be no more than 4 seconds,
b Comment on whether or not the supervizor should be concerned about the speed of

the new typist. [E]

Solution:

a T=1231
§=7587745.. .
MB: Tx=1231; Tx* =151 847)

1 95% confidence interval 1z given by

123112262 x%

Le (1188958 ., 12730415 _.)

i 95% confidence interval iz given by
9%5.87745.. 2 9%5.87745.. 2
Joe Rt a g IR

19.023 27700
re (1634336 ., 11514806 . )

b 13015 just above confidence interval
16 15 qust below confidence interval
Thuz supervisor should be concerned about the speed of the new typist since both
their average speed is two slow and the variability of the titne iz too large

© Pearson Education Ltd 2C

file://C:\Users\Buba\kaz\ouba\s4 revl a_ 20. 3/22/201.



Heinemann Solutionbank: Statistics 4 Pagel of 1

Solutionbank S4

Edexcel AS and A Level Modular Mathematics

Review Exercise 1
Exercise A, Question 21

Question:

A machine 5 filling bottles of milk. & randem sample of 16 bottles was taken and the
volume of milk in each bottle was measured and recorded. The volume of milk in a
kottle is normally distributed and the unbiaszed estimate of the variance, s ofthe

volume of milk in a bottle 1z 0.003,

a Find a 95% confidence interval for the variance of the population of wolumes of
milk from which the sample was taken

The machine should fill bottles so that the standard deviation of the volumes 15 equal

to 0.07.

b Comment on this with reference to your 95% confidence interval. [E]

Solution:

27488 T £.262
= (0.00164,0.00719)

a Confidence interval = [15><0.003 15xo_003]

b 007 =0.0049
0.004% is within the 92% confidence interval.
There iz no evidence to reject the idea that the standard deviation of the volumes is

net 0.07 or the machine 1 working well,

© Pearson Education Ltd 2C
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Exercise A, Question 22

Question:

A butter packing machine cuts butter into blocks The weight of a block of butter 1s
normally distributed with a mean weight of 250 g and a standard deviation of 4 g

A random sample of 15 blocks 15 taken to monitor any change in the mean weight of
the blocks of butter,

a Find the critical region of a suitable test using a 2% lewvel of significance.
b Assuming the mean weight of a block of butter has increased to 254 g, find the
probability of a type I error. [E]

Solution:

A =250 ~ 23963 of A =250

J5 Ji5

T=>05240 orX<2476_
b P(X = 25240 u=254)—P(X < 2476/ yu="254)

<=2 3263

_p| . 2524-254| I 2476-254
4 4
15 V15

=P (Z > -1.5492)— P(Z = —6.20)
= (1-0.9394) — (0
= 0.0606
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Exercise A, Question 23

Question:

A drug iz claimed to produce a cure to a certain disease in 35% of people who have
the dizeaze. To test this claim a sample of 20 people having this disease 1s choszen at
random and given the drug If the number of people cured 15 between 4 and 10
inclusive the claim will be accepted.

a “Write down suitable hypotheses to carry out this test.

b Find the probability of making a type I error.

The table below gives the value of the probability of the type I error, to 4 decimal
places, for different values of p where p is the probability of the drug curing a person
with the diseaze.

Picure) 0.2 0.3 0.4 0.5
P(Type II error) 05880 i 0.8565 g

¢ Calculate the value of # and the value of 5.
d Calculate the power of the test for p =02 and p=04

e Comment, giving your reasons, on the suitability of this test procedure. [E]

Solution:

a Hy:p=035 H:p=035

h Let & =HMumber cured then X~ B{20,0.35)
&=PiTypeleror)=P(x =<3+ P(x=211) given p=0733
= 00444 400532
= 0.0575

¢ A=P(Typederror)=PEd =x=10)

? 0.2 | 0.3 | 04 | 0.5
8 | 05880 | 08758 | 08565 | 05368

d Power=1- 48
04120 0.1435

e INotagoodprocedure.
EBetter further away from 0.25 or
This 15 not a very powerful test { power =1- &)
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Review Exercise 1
Exercise A, Question 24

Question:

A doctor wishes to study the level ofblood glucose in males. The level of blood
glucose 15 normally distributed. The doctor measured the blood glucose of 10
randomly selected male students from a school The results, in mmollitre, are given
below.

4.7 36 38 47 4.1

2.2 36 4.0 44 5.0
a Caleulate a 95% confidence interval for the mean
b Calculate a 93% confidence interwal for the variance.
A blood glucose reading of more than 7 mmolflitre 15 counted as high
¢ ze appropriate confidence limits from parts a and b to find the highest estimate of

the proportion of male students in the school with a high blood glucose lewel  [E]

Solution:
¥ =401
5=07992
a 40112 5%) T = 40122620
i) Jio

=4 5816 and 34363
Le (34383, 4.5816)

2
b 2700 = —QXO_TS;QZ__, < 19.023

=

a* <213, > 0,302
ie (0.302,2.13)

T,l'_
c P(X:=?)=P[E:=~ il

] needs to be as high as possible
o

Therefore i and o mustbe az big as possible

. o T-4.581
propertion with high bleod glucose level = P (Z = —]
~2.13

=1-0.9515
= 0.0485
=4 85%

© Pearson Education Ltd 2C
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Review Exercise 2
Exercise A, Question 1

Question:

The random variable X has an 7 distribution with 10 and 12 degrees of freedom. Find
@ and & such that Pl = X <& =025%0, [E]

Solution:

Fop (5%) =275 =275
1 1

=— =034
F, (5% 291

© Pearson Education Ltd 2C
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Review Exercise 2
Exercise A, Question 2

Question:

& doctor believes that the span of a person's dominant hand 15 greater than that of the
weaker hand. To test this theory, the doctor measures the spans of the dominant and
weaker hands of a random sample of B people. He subtracts the span of the wealer
hand from that of the dominant hand. The spans, in millimetres, are summarized in the
table below.

Dominant hand | Weaker hand

A 202 184
B 251 245
C 2150 21s
D 2350 234
E 210 211
F 195 157
G 191 151
H 230 225

Test, at the 5% significance level, the doctor’s belief [E]

Solution:

dr K 2 -2 1 -1 e 10 !
Td =19, T4* =193
19 19°

d —=2.37"5;S§=l{]93——}=21.]25
8 7 8
Hy sip=0H,: e, =0
e 2.375-10
21.125
8
v="T =critical region ;¢ = 1895

=14615...

since 14915 . 1z #ef in the critical region there 15 insufficient evidence to reject Hy
and we conclude that there iz insufficient evidence to support the doctors' belief.
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Exercise A, Question 3

Question:

The times, x seconds, taken by the competitors in the 100 m freestyle events at a
school swimming gala are recorded. The following statistics are obtained from the
data.

Number of Sample mean X Exﬂ
competitors
Girls ] 823,10 55146
Boys 7 88.90 56 130

Following the gala a proud parent claims that girls are faster switnmers than boys,

Azzuming that the times taken by the competitors are two independent random

samples from nermal distributions,

a test, at the 10% lewel of significance, whether or not the variances of the two
distributions are the same. State your hypotheses clearly.

b Stating vour hypotheses clearly, test the parent's claim. Use a 2% lewvel of

significance. [E]
Solution:
a Hy og=apH, 0p=0;,

o :%(56 130—?x88.92):¥:134.6

1 501.12

s :%(55 746 -8%83. 1% = =71.58

.5'2

ZE =1880...

&g

critical value &, =387

not significant, variances are the same

b Hy: gty =i, Hy iy = 145

pooled estimate of variance &° = 6X134'6:_3? X71.58 =100.666153 ..

test statistic = w =1.116%

’1 1
g,[=—+t—
TR
critical value £5(5%) =1.771
Tnsufficient evidence to support parent's claim
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Exercise A, Question 4

Question:

Two methods of extracting juice from an orange are to be compared. Eight oranges are
halved One half of each orange 15 chosen at random and allocated to Method & and
the other half iz allocated to Methed B, The amounts of juice extracted, in ml, are
given in the table,

Orange
1 2 3 4 5 ) 7 3
Method A | 29 | 30 26 25 26 22 23 28
Method B | 27 | 25 28 24 23 26 22 25

Ome statistician suggests performing a two-sample #-test to investigate whether or not

there 15 a difference between the mean amounts of juice extracted by the two methods

a Stating your hypotheses clearly and using a 5% significance lewel, carry out this
test. (You may assume X, = 26,125,545 =7.84, X, = 25,62 =4 and o5 =0a3)

Another statistician suggests analysing these data using a paired f-test

h Using a 5% significance level, carry out this test.

¢ State which of these two tests you consider to be more appropriate. (Give areason
for wour choice, [E]

Solution:
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g Ix7BA+T x4

a Sy =592
T+7
5, = 2433105
Hy gy = s Hyt gy =t
- 26.125-25 0.92474

243,241
2 8
£, (2.5%) = 2.145

Insufficient evidence to reject H,

Conclude that there 15 no difference in the means.

h d =2,5,-2,1,5,-4,1,3

s,
B
2 =—69_8§1']252 =8.410714
H, §=0H =0
g =1120 097

f2.41
3
£,(2.5%) = 2.365

There iz no significant evidence of a difference between method & and method B

¢ Paired zample as they are two measurements on the same orange

© Pearson Education Ltd 2C
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Exercise A, Question 5

Question:

The random variable & has an F-distribution with 8 and 12 degrees of freedom.

Find P|— < ¥ <285|. [E]
567

Solution:

P(X = 2.85) = 0.05

P X::L =0.01
5.67

LB L~=1X‘=12.85 =1-0.05-0.01
567
=094
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Exercise A, Question 6

Question:

A grocer receives deliveries of cauliflowers from two different growers, & and B The
grocer takes random samples of cauliflowers from those supplied by each grower. He
measures the weight x, in grams, of each cauliflower. The results are summarised in
the takle below.

Sample [ 53 | 3¢

size
A 11 &600 3960 540
B 13 9815 7410 579

a Show, atthe 10% significance level, that the variances of the populations from
which the samples are drawn can be assumed to be equal by testing the hypothesis
H, % =qg3 against hypothesis H, 05 = a3,
(Youmay assume that the two samples come from normal populations.)
The grocer believes that the mean weight of cauliflowers provided by B 15 at least
150 g more than the mean weight of cauliflowers provided by A

h Tse a 3% significance level to test the grocer’s belief

¢ Justify your choice of test. [E]

Solution:
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G600°
11
42157

}=54.0

1
5= 13960 540 —
i m{

3;=%{?4105?9— }=2116

Hy oy=ogpH:oy=0;
critical region: Fy,, = 275
55540

240 2255118
S2 2116

since 295118 . s not in the critical region we can assutne that the variances are

eeual.

Hypip =0, +150.H, : pip = 1, +150

CR: £, (0.05)=1717

= =m><54.0+12><21.16
d 22

= 155 -600-150 203157

3609059 l+l
11 13

since 2.02 . 18 in the critical region we reject Hy and conclude that the mean
weight of cauliflowers from B exceeds that from A by at least 50g,

=36.020%

samples from normal populations
Equal variances
Independent samples
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Review Exercise 2
Exercise A, Question 7

Question:

The random variable X has a y° -distribution with 9 degrees of freedom.
a Find P(2088= X <19.023).
The random variable ¥ follows an F-distribution with 12 and 5 degrees of freedom.

b Find the upper and lower 5% critical values for 7. [E]
Solution:
a (X >=15%023) =0.025

P(X = 2.088) =0.990
P(2.088 < ¥ <19.023) = 0.990 - 0.025
= 0965

b Upper critical value of Fy; =468

Lower crtical value of B, = —

1
5,12
1

—

31
0.2215...
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Review Exercise 2
Exercise A, Question 8

Question:

A group of 10 technology students 15 assessed by coursewotk and a written
examination The matks, given as percentages, are given in the table below.

Student | Coursework Written exam.
1 65 &1
2 7= 76
3 62 65
4 a1 Tl
5 T8 72
& 74 71
7 GE] 72
3 58 42
9 76 69
10 70 63

a TTze a suitable i-test to determine whether or not the courseworl marls are
sighificantly higher than the written examination matks Tse a 5% level of

significance.

b State an assumption about the distribution of marks that 1z needed to make the

above test valid.

Solution:

a o =coursewortk —wrntten: 4, -3, -3 4.6 3, -4 17,77

=1
p =E=3_3’ s§,= 498 -104
10
test statistic: £ = 8 =1917...
Sa

J10
Horpg=0 Hy:py =0
£ (5%) cow iz 1833,

" significant — there iz evidence coursework marks are higher

b The difference between the marks follows a normal distribution.

© Pearson Education Ltd 2C
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Exercise A, Question 9

Question:

An engineer decided to investigate whether or not the strength of rope was affected by
water. & random sample of 9 pieces of rope was taken and each piece was cut in half
One half of each piece was soaked in water over night, and then each piece of rope
was tested to find its strength. The results, in coded units, are given in the table below

Rope
numhber

Dryrope | o7 125 63|83| 72 | 54 | 68| a1 |59

1 2 3|4 5 6 7 8 9

Wetrope |51 |95|82|97| 85 | 49 |84 |87 |77

Azzuming that the strength of rope follows a normal distribution, test whether or not
there 15 any difference between the mean strengths of dry and wet rope. State your
hypotheses clearly and use a 1% level of significance. [E]

Solution:

D=dry —wet Hy ity =0,H,: pip= 10
b VISR N G ol O R PR T B ot G R T

15.03-9%(@)

G : 03~

d:—— =-0984, 5=———"L =087527._..
9 8

=0 _ urt—3.03
Sz
o

ty 2-tall 1% critical value =3.355

Mot significant — insufficient evidence of a difference between mean strength
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Exercise A, Question 10

Question:

An educational researcher 15 testing the effectiveness of a new method of teaching a
topic in Mathematics. & random sample of 10 children were taught by the new method
and a second randem sample of ¥ children, of similar age and ability, were taught by
the conventional methed At the end of the teaching, the satne test was given to both
groups of children

The marks obtained by the two groups are summarized in the table below.

Mew method Conventional method
Mean (x) 82.3 752
Standard
deviation () ce 5.7
Number of
students (#) e 9

a Stating wvour hypotheses clearly and using a 5% level of significance, investigate
whether or not
i the variance of the marks of children taught by the conventional method 1s
greater than that of children taught by the new method,
i the mean score of children taught by the conventional method 15 lower than the
mean score of those taught by the new method.
[In each case wou should give full details of the calculation of the test statistics. |
b State any assumptions vou made in order to carry out these tests.
¢ Find a 25% confidence interval for the common variance of the matks of the two
groups. [E]

Solution:
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= 3'—2= 2652 B, (5%) cntical value =323

Mot significant so do not reject Hy .
There 15 insufficient evidence that variance using conventional method 13 greater
i Hyo g = e, Hy oty = 4
, 8x5714+9x35  370.17
17

=2177/4...

&

B2.3-78.2
Test statistic £= =19122_..

217704 l+i
5 10

£ 05%0) 1-tail critical walue =1.740
sigmificant —reject Hy .

There 15 evidence that new style leads to an increase in mean

b Assumed population of mark s obtained were normally distributed

¢ Unbiased estimate of common vartance 15 s* in 11

175
7564 < 15 230191
o’
17%21.774...

S HXel T o34y
30.191 (ldp)

DRI M ooy
7564

Confidence interval on o is (12.3, 48.9)
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Exercise A, Question 11

Question:

Brickland and Goodbrick are two manufacturers of bricks. The lengths of the bricks
produced by each manufacturer can be assumed to be normally distributed. A random
sample of 20 bricks 15 taken from Brickland and the length, x mm, of each brick 15

recorded. The mean ofthis sample is 207.1 mm and the variance is 3.2 mm? .

a Calculate the 98% confidence interval for the mean length of brick from Brickland.

A random sample of 10 bricks is selected from those manufactured by Goodbrick. The
length of each briclk, ¥ mm, is recorded. The results are summarized as follows,

S oy=20462 3 5 =4187854

The wariances of the length of brick for each manufacturer are assumed to be the zame.
b Find a 80% confidence interval for the value by which the mean length of brick
made by Brickland exceeds the mean length of brick made by Goodbrick,  [E]

Solution:

a Confidence interval 15 given by

- g
T ti, x—

NE

22
te 2071225359, |—
20

te 207.1+1.0156
Le (20603 .., 208.1156)

b x;= 20:1;'2 =204.42

_19x3.2+9x10.2173

28
=545557
Confidence interval 1z given by

%, — Xptly ><Jﬁ.4555? [2—10 +i]

2
SF

10

Le (207 1-204620%£1.701 1545557 i+i
2010

Le 2481£1.53875
te (094125 40187
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Review Exercise 2
Exercise A, Question 12

Question:

The weights, in grams, of apples are assumed to follow a normal distribution,
The weights of apples sold by a supermarket have variance -:rf & random sample of 4

apples from the supermarket had weights
114, 110, 115, 123

a Find a 95% confidence interval for o°

The weights of apples sold on a market stall have variance crid,. & zecond random

sample of 7 apples was taken from the market stall. The sample variance 5.3;4 ofthe

apples was 3188,

b Stating vour hypotheses clearly test, at the 1% lewel of significance, whether or not
there is evidence that oo, > o

Solution:

— _2 -
N (f:ﬁ:]]ﬁ_j] s _24386-4%" o5 ¥
4 3 3
2a?
0216 < % < 5348
o

10.376... < o° <449.07... so confidence interval iz (10.376, 449.07)

b Hy:o0p=0; H:o}, =0}

5 5

2
Su 188 _ggsy
s7 323

F, (1% c.v.) = 27.91

9.15< 2791, insufficient evidence of an increase in variance
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Review Exercise 2
Exercise A, Question 13

Question:

As part of an investigation into the effectiveness of solar heating, a patr of houses was
identified where the mean weelkly fuel consumption was the same. One of the houses
was then fitted with solar heating and the other was not. Following the fitting of the
solar heating, a random sample of 9 weeks was taken and the table below shows the
weekly fuel consumption for each house,

Week 1 2 3 4 5|6 7| 8 9
Without
solar 1918 (18|14 & | 75 31|43
heating
With
solar 132211 16| 14 1|0 20| 38
heating

TTnits of fuel used per week

a Stating vour hypotheses clearly, test, at the 5% level of significance, whether or not
there 15 evidence that the solar heating reduces the mean weekly fuel consumption.
b State an assumption about weekly fuel consumption that iz required to carry out

this test [E]
Solution:
a Hy p; =0

H . .u, =0

where & =without solar heating — with solar heating
d =6 -3 7T -2 -8 6 5 11 5

d =3

g =6

g =9

L test s1:atisti|:=(3;02I
#

te. =125

critical value =£,(5%) =1.860
go critical region: ¢ = 1860
Test statistic not in critical region so accept Hy . Conclude there is insufficient

evidence that solar heating reduces mean weekly fuel consumption.
b The differences are normally distributed.
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Review Exercise 2
Exercise A, Question 14

Question:

A large number of students are split into two groups & and B. The students sit the
same test but under different conditions. Group A has music playing in the room
during the test, and group B has no music playing during the test. Small samples are
then talen from each group and their marks recorded The marks are normally
distributed.

The marks are as follows:

Sample
from 42 | 40 (25 37 [ 34 | 43 | 42 | 44 | 49
Group A
Sample
from 40 | 44 | 28| 47 | 3B | 37 | 33
Group B

a Stating your hypotheses clearly, and using a 10% level of significance, test whether
ot not there 18 evidence of a difference between the variances of the marls of the
twro groups.

b State clearly an assumption you have made to enable you to carry out the test in
part a.

¢ Tze atwo-tailed test, with a 3% level of significance, to determine if the playing of
tusic during the test has made any difference in the mean marlks of the two groups.
state your hypotheses clearly.

d Write dewn what you can conclude about the effect of music on a student’s
performance during the test [E]

Solution:

file://C:\Users\Buba\kaz\ouba\s4 rev2 a_ 14.

Pagel of 2

3/22/201.



Heinemann Solutionbank: Statistics 4

a Hooy=0, Hyo,=0
53 =225 s5=216
2

o

4 =104
5
Fog = 4.15

1.04 =415 do not reject H, . The wariances are the same.

b Assume the samples are selected at random {independent)

0 o Bl22.5)+6(21.62)

c 5 T =22.12
Hy sy =gy Hyfhy # i
i 40.667-39.57  _ 0.462

2212 %+%

Critical value =£, (2.5%) =2.145
0462 = 2145 Mo evidence to reject H

The means are the same.
d IMusic has no effect on performance
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Exercise A, Question 15

Question:

A company undertakes investigations to compare fuel consumption x, in miles per
gallon, of two different cars the Refaxant and the Blegane, with a view to purchasing a
number of cars. & random sample of 13 Relaxants and an independent random sample
of 7 Hleganes were talen and the following statistics calculated.

Car Sample Sample mean ¥ | Sample variance s’
size

Relaxant 13 223 14 4%

Elegane 7 2843 3579

The company assumes that fuel consumption for each make of car follows a normal

distribution.

a Stating your hypotheses clearly test, at the 10% lewel of significance, whether or
not the two distributions have the same variance.

b Stating vour hypotheses clearly test, at the 5% lewel of signific ance, whether or not
there iz a difference in mean fuel consumption between the two types of car.

¢ Ezplain the importance of the conclusion to the test in part a in justifying the use of
the test in patt b.

d State two factors which might be considered when undertalting an investigation
inte fuel consumption of two models of car to ensure that a fair comparison 1s

made. [E]

Solution:
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a HU:CF;=J§. Hl:aiiai.
s 3579
Foo (5% cy =300 E=""""=24716__
6,1‘2( U)mﬂ Sfe 1448

Mot sigmificant so do not reject H,

Insufficient evidence to suspect @z = o

b Hy:ptg=pty Hyptg = ity
EN 6x35.78 +12 x14.43

18
_ 3231-2843

fl 1
g, —+=
12 7
t (5%), pnov = 2.101
. Mot significant

=21.583

=178146 ..

Insufficient evidence of difference 1n mean performance

¢ Testin b requires o = o

d for example, same type of driving
same roads and journey length
same weather
sate driver
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Exercise A, Question 16

Question:

A beach 1s divided into two areas & and B & random sample of pebhbles 15 taken from
each of the two areas and the length of each pebble 15 measured. A sample of size 26 15
taken from area A and the unbiased estimate for the population variance 1z
£4=0495mm* A sample of size 25 is taken from area B and the unbiased estimate

for the population variance iz sf; =1.04mm?.

a Stating vour hypotheses clearly test, at the 10% significance lewel, whether or not
there 15 a difference in varability of pebble length between area & and area B.

b State the assumption you have made about the populations of pebble lengths in
order to carry out the test. [E]

Solution:

a Hy oo=agiH o +a;
critical walue By 55 =1.96

2
g

—g =210

Fq

since 2.10 15 in the critical region we reject H, and conclude there 12 evidence that

the two variances are different.

b The populations of pebble lengths are normal.
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